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PREFACE 


The  work  described  In  this  report  was  performed  under  Contract  No. 
DACW39-81-C-0069.  entitled  "Assessment  of  Multl-Dlmenslonal  Transport 
Schemes  Applied  on  Boundary  Fitted  Coordinate  Systems,"  dated  21  August 
1981,  between  the  U.  S.  Army  Engineer  Waterways  Experiment  Station  (WES), 
Vicksburg,  Mississippi,  and  Mississippi  State  University,  Starkvllle, 
Mississippi.  The  study  was  sponsored  by  the  Office,  Chief  of  Engineers  (OCE), 
U.  S.  Army,  as  part  of  the  Civil  Works  General  Investigations,  Environmental 
and  Water  Quality  Operational  Studies  (EWQOS)  Work  Unit  IC.2  entitled 
Develop  and  Evaluate  Multidimensional  Reservoir  Water  Quality  and  Ecological 
Predictive  Techniques.  The  OCE  Technical  Monitors  were  Mr.  Earl  Eiker, 

Mr.  John  Bushman,  and  Mr.  James  L.  Gottesman. 

The  study  was  conducted  and  the  report  prepared  by  Dr.  J.  F.  Thompson, 
Department  of  Aerospace  Engineering,  Mississippi  State  University,  during 
the  period  August  1981  to  February  1983.  Dr.  B.  H.  Johnson  of  the  Hydraulic 
Analysis  Division,  Hydraulics  Laboratory,  monitored  the  effort.  Messrs.  M.  B. 
Boyd,  Chief  of  the  Hydraulic  Analysis  Division,  and  H.  B.  Simmons,  Chief  of 
the  Hydraulics  Laboratory,  provided  general  supervision.  Program  Manager 
of  EWQOS  was  Dr.  J.  L.  Mahloch,  Environmental  Laboratory. 

Commanders  and  Directors  of  WES  during  this  study  and  the  preparation 
and  publication  of  this  report  were  COL  Nelson  P.  Conover,  CE,  and  COL  Tllford 
C.  Creel,  CE.  Technical  Director  was  Mr.  F.  R.  Brown. 

This  report  should  be  cited  as  follows: 

Thompson,  J.  F.  1989.  "Convection  Schemes  for  Use  with 
Curvilinear  Coordinate  Systems  -  A  Survey,”  Miscellaneous 
Paper  E-89-4,  prepared  by  Mississippi  State  University, 
for  the  US  Army  Engineer  Waterways  Experiment  Station, 

Vicksburg,  Mississippi. 
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CONVECTION  SCHEMES  FOR  USE  WITH 


CURVILINEAR  COORDINATE  SYSTBiS  - 
A  SURVEY 

I.  INTRODUCTION 

The  convection  of  a  concentration  ia  a  problem  that  need  a  no 
Introduction.  The  present  survey  concerns  this  problem  in  regard  to 
the  use  of  general  boundary-conforming  coordinate  systems  in  the  form 
of  numerically  generated  grids.  The  intent  here  has  been  to  cover  all 
schemes  with  promise  in  application  in  this  context,  with  a  representative 
discussion  of  all  types  of  schemes,  rather  than  to  cite  all  works  in  the 
area. 

Figure  titles  are  duplicated  from  the  original  references  and,  therefore, 
may  contain  reference  to  equations  or  other  items  in  the  references. 

Citations  of  other  figures,  however,  have  been  changed  to  correspond  to 
the  numbers  in  this  report.  Various  symbols  are  used  for  the  Courant 
number  on  the  figures,  but  this  item  should  be  easily  recognized  in  each 


II.  FOUNDATIONS 


The  basic  convection  equation  in  2D  ia 


♦t  +  u(x,y,tHx  +  v(x,y,t)*  -  0 


where,  in  general,  the  velocity  is  nonunifora  and  time  dependent. 


Convent  ions 


Curvilinear  Coordinates 


Transforming  the  first  derivatives  we  have 


♦*  ■  7(yA  "  W 


♦y  "  J(Vn  '  W 


where  the  Jacobian  of  the  transformation  is  given  by 


J“Vn  "VC 


Then  the  partial  differential  equation  becomes.  In  the  transformed 


region. 


J$t  +  (uyn  -  vxr,)$£  +  •  o 


J*t  +  u*t  +  v^  »  0 


u  =  uy  -  vx 
n  n 


v  H  vx^  -  uy^ 


Therefore,  In  the  transformed  region  the  problem  has  essentially 
the  same  form  as  the  cartesian  equations,  but  with  the  velocity  components. 


u  and  v,  replaced  by  the  contra-variant  velocity  components,  u  and  v . 

Note,  however,  that  even  with  a  uniform  physical  velocity  field,  these 
contra-variant  velocity  components  will  vary  in  space  for  a  nonuniform 
coordinate  system.  (The  Jacobian  could  be  Included  in  the  definition 
of  u  and  v  if  desired,  of  course.)  It  Is  thus  possible  to  apply  any 
scheme  valid  for  Eq.  (1)  with  nonuniform  velocity  to  Eq.  (4)  directly 
in  the  transformed  region.  The  only  real  complication  Introduced  by 
the  curvilinear  coordinate  system  Is  the  Imposition  of  an  effective 
nonuniform  velocity. 

Therefore,  cartesian  coordinate  notation  will  be  used  in  this  review. 
In  conformance  with  the  notation  in  the  articles  cited,  with  the  under¬ 
standing  that  the  schemes  are  to  be  applied  In  the  transformed  region 
using  the  effective  nonuniform  velocity  components  appearing  in 
Eq.  (A),  and  with  the  Jacobian  either  appearing  as  a  multiplicative 
factor  on  the  time  derivative  or  Included  In  the  effective  velocities. 

In  this  application,  the  symbols  x  and  y  carry  over  directly  to  the 
symbols  for  the  curvilinear  coordinates  (  and  n.  Schemes  for  which 
the  order  is  degraded  when  the  velocity  Is  nonuniform  will  likewise 
be  of  lower  order  when  applied  In  the  transformed  region.  With 
application  understood  to  be  In  the  transformed  region,  it  is  only 
necessary  to  consider  a  uniform  square  grid  with  unit  spacing.  However, 
certain  considerations  are  necessary  to  preserve  the  order  of  a  scheme 
when  the  coordinate  line  spacing  In  the  physical  region  Is  not  uniform, 
as  is  discussed  in  a  later  section. 
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Higher  Dimensions 


Most  schemes  will  be  presented  In  one  dimension  for  economy  of 
presentation.  Application  In  higher  dimensions  Is  discussed  In  a  later 
section,  where  it  is  noted  that  any  one-dimensional  scheme  can  be  applied 
with  multiple  dimensions  through  time-splitt  lng  (sometimes  called  factoring) 
Even  when  a  scheme  has  a  natural  generalization  to  higher  dimensions, 
the  time-split  approach  Is  often  preferable. 

Differences 

In  the  discussion  to  follow,  differences  are  understood  to  be 
central  and  symmetric  unless  otherwise  indicated.  Schemes  are  assumed 
to  be  applicable  to  nonuniform  velocity  fields  without  loss  of  ordert 
and  grid  spacing  is  taken  to  be  uniform,  unless  stated  otherwise.  Precise 
difference  expressions  are  not  given  in  this  review;  rather  the  points 
involved  are  indicated  by  diagrams  referred  to  as  "stencils."  In  these 
diagrams  for  ID  schemes,  the  space  direction  is  shown  across  the  page, 
while  the  time  direction  is  up  the  page.  Solid  lines  intersect  at  grid 
points  at  integral  time  levels.  For  2D  schemes  both  directions  are  spatial 
with  values  at  intermediate  time  levels  to  be  understood  i.n  multi-stage 
methods.  Intermediate  points  and  time  levels  are  indicated  by  dotted 
lines.  Circles  identify  the  points  involved,  with  the  point  at  which 
a  new  value  is  obtained  being  indicated  by  a  filled  circle. 

Nonlinear  Equations 

t  Schemes  are  generally  analyzed  in  the  quasi-l inear  form  with 

uniform  velocity,  so  conclusions  regarding  stability,  dissipation,  and 
phaae  error  must  be  considered  to  be  local  for  the  nonlinear  case  or 

I  with  nonuniform  velocity.  Thus  for  the  general  nonlinear  equation 

*  +  U<4>ly  *  0  <6) 

« 

4 


4 


the  equation  actually  analyzed  la 

♦t  +  K*x  +  B*y  +  0  (?) 

where  A  and  B  are  the  Jacobian  matrices  of  f  and  g,  respectively, 
with  respect  to  $,  i.e.,  with 


♦l  ■ 

fi  ' 

♦2 

f2 

• 

f  - 

* 

• 

* 

f 

n 

n 

»  - 

_ 

where  each  element  of  $  represents  a  different  dependent  variable,  the 
elements  of  the  Jacobian  matrix  of  f  are  given  by 

3fi 

AiJ  "  '  •>  n  ^ 

It  is  actually  the  linear  single-component  problem  defined  simply  by 
Eq.  (1)  which  is  of  direct  concern  in  the  present  review. 

Numerical  Techniques 

Numerical  solution  of  Eq.  (1)  can  be  approached  in  several  ways, 
of  course.  One  basic  demarcation  is  foundation  on  the  differential 
form  given  by  Eq.  (1),  or  an  Integral  form  obtained  by  Integrating  Eq.  (1) 
with  respect  to  space  and/or  time. 

Interpolation  Functions 

In  either  approach,  the  basic  technique  involved  in  the  construction 
of  a  numerical  method  la  the  approximation  of  the  solution  by  an 
interpolation  function  fitted  to  the  solution  values,  and  perhaps  to  some 
of  its  derivatives,  at  certain  discrete  points.  Derivatives,  or  integrals. 
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are  Chen  approximated  by  dlf ferenciadng,  or  Integrating,  the  interpolation 
function.  The  most  common  form  of  interpolation  function  is  a  polynomial, 
the  Lagrange  interpolation  polynomlala  being  fitted  to  solution  values 
only,  and  the  Hermlte  interpolat  ion  polynomials  being  fitted  to  derivatives 
as  veil.  Splines  are  a  form  of  interpolat ion  polynomial  fitted  to 
solution  values  and  some  derivatives  on  the  ends  of  each  successive 
interval  between  grid  points.  The  imposition  of  continuity  of  certain 
higher  derivatives  at  the  grid  points  yields  difference  relations  among 
the  solution  values  and  the  derivatives  that  are  fitted.  The  spline 
representation  is  thus  a  piecewise  continuous  approximation  over  the 
entire  field.  In  contrast,  the  Lagrange  and  Hermite  polynomials  are 
usually  applied  locally  over  small  overlapping  sets  of  points  neighboring 
the  point  of  evaluation.  Any  polynomial  representation  will  be  exact, 
of  course,  if  the  solution  function  is  a  polynomial  of  degree  equal  to, 
or  less  than,  that  of  the  interpolation  polynomial. 

Other  Interpolation  functions  are  also  used,  such  as  exponentials 
or  functions  obtained  as  local  solutions  of  the  differential  equation. 

The  spectral  methods  use  eigenfunction  expansions  of  the  solution. 

Still  another  form  is  the  expansion  of  the  solution  in  a  finite  Fourier 
series,  as  in  the  pseudo  spectral  methods.  The  derivatives  (integrals) 
obtained  by  differentiation  (integration)  of  the  series  in  the 
spectral  and  pseudospectral  methods  are  essentially  of  infinite  order. 
Differential  Approach  -  Taylor  Series 

By  differentiation  of  the  one-dimensional  form  of  the  partial 
differential  equation  (1),  we  have 


Thus  a  second-order  scheme  results  if  4^  in  the  At  ter*  is 
approximated  to  second  order,  and  4  ,  u  4  ,  and  u  4  in  the 

XX  XX  u  x 

ht2  term  are  approximated  to  first  order.  This  second-order  scheme  is 
the  single  equation  version  of  the  Lax-Wendroff  scheme.  Higher-order 
expressions  can  be  obtained  by  retaining  more  terms  in  the  Taylor 
series  expansion,  using  successive  differentiations  of  the  differential 
equation  to  express  the  additional  time  derivatives  in  terms  of  space 
derivatives  of  4,  and  expressing  all  the  derivatives  to  the  necessary 
order  in  each  term  of  the  resulting  expression.  Difference  representations 
of  the  various  derivatives  are  obtained  by  approximating  the  solution 
by  an  interpolation  function,  differentiating  this  function,  and  evaluating 
the  result  at  the  point  in  question.  This  topic  is  discussed  further 
later  in  this  section. 

All  schemes  in  this  review  that  are  not  indicated  to  be  dependent 
on  Interpolation  functions  other  than  polynomials  are  assumed  to  be 
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and  expand  u  In  a  Taylor  serlea  so  that 


AC 


(At  2 

(u(x,t)  +  uxlx(t  +  t')  -  x(t)l  +  utf  +  0(At  )  }dt '  (19) 

o 


But 


x(t  +  t') 


x(t) 

X(t) 


t+f 

udt" 

t 

|  udt” 


o 

x  -  ut'  +  0(At2) 


(with  t"  redefined) 


(20) 


Then 

/At  j 

AC  *  (u  “  uxut '  +  u^t'ldt'  +  0(At  ) 

o 

Af2  1 

-  uAt  -  (uux  -  uf)  ~y  +  0(At  )  (21) 

Then 

ft+At  2 

♦(x  -  I  udt',  t)  -  ♦(x.t)  -  u^xAt  +  (uux  -  ut) 

t 

+  j  u2*  At2  +  0(At3)  (22) 

which  agrees  exactly  with  Eq.  (13). 

Thus  In  constructing  a  convective  scheme,  the  sane  results  follow 
from  expanding  Che  function  at  grid  points  on  adjacent  time  levels  and 
from  expanding  the  function  at  the  intersection  on  the  present  time 
level  of  characteristics  from  grid  points  on  the  adjacent  time  levels. 
This  la  true,  of  course,  to  arbitrary  order  in  the  aeries  expansion. 
Thus  In  the  diagram  below,  the  same  scheme  will  result  whether  point  1 
or  2  is  used  In  the  construction.  In  either  case  it  is  the  grid  point 
1  that  will  appear  In  the  final  difference  expression. 


1-1 


1 


uAt 


This  development  also  Illustrates  that  expansion  of  the  solution 
at  the  new  time  level  about  the  previous  level,  with  all  time  derivatives 
In  the  series  expressed  In  terms  of  spatial  derivat Ives  through  repeated 
differentiation  of  the  differential  equation,  followed  by  substitution 
of  spatial  difference  expressions.  Is  equivalent  to  expressing  the  advanced 
time  solution  In  terms  of  the  solution  at  the  previous  time  level  at  a 
position  Ac  upstream,  this  value  being  determined  by  lnterpolat ion 
among  the  grid  pointa  at  the  previous  time  level. 

Integral  Approach  -  Time 

Integrating  the  one-dimens lonal  form  of  Eq.  (1)  over  a  time 
Interval  At  we  have 

rt+fit 

J  u#xdt  (23) 

t 

With  the  Integrand  approximated  by  a  linear  function,  the  second-order 
Crank-Hlcholson  form  results: 

♦"+1  -  -  -  jl(u»x)n  +  (u*x)n+1]At  (24) 

which  Involves  a  temporal  average  of  the  convective  flux.  Higher- 
order  representations  are,  of  course,  possible  using  higher-degree 
approximations  of  the  integrand  (ona  degree  lower  then  the  order) 
involving  more  time  levels  or  perhaps  some  intermediate  time  levels. 
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Integral  Approach  -  Space 


With  the  Integration  taken  over  apace  lnatead  of  time  we  have, 
using  Integration  by  parts  In  the  last  atep, 

f*l+% 

1  ♦(.dx  « -I  u^dx 

Xl-^  Xi-J* 

"  ‘  (u*)  l+Jj  +  (u^  i-%  +  j  ♦uxdx  (25) 

*1-J» 

The  first  two  terms  on  the  right  are  the  fluxes  througl.  the  sides  of 
a  cell.  The  last  integral  vanishes  for  uniform  velocity. 

Methods  of  various  orders  are  produced  using  different  degrees  of 
approximation  functions  for  the  integrands,  which  again  must  be  represented 
by  functions  of  no  more  than  one  degree  less  than  the  Intended  order 
of  the  method.  Note  that  this  approach  Involves  a  spatial  average  of 
the  time  derivative. 

Integral  Approach  -  Time  and  Space 

Integration  over  both  space  and  time  produces 

/'ll*  t+At 

J  (d"*1  -♦")dK  -  -  |  t(ud)1+Jj  -  (udJjj^Jdt 

Xl-5*  C 

r*  fxi* 

+  I  I  d^dx  <26) 

C  Xi-* 

Again  the  lest  integral  vanishes  for  uniform  velocity  or  the  conservative 
form.  The  first  Integral  on  the  right  Is  now  the  time-average  of  the 
fluxes  through  the  cell  sides. 

In  Eg.  (26)  the  integrals  can  be  approximated  using  Eq.  (IS)  with 
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Higher-order  forms  can  be  developed  in  a  similar  manner.  An  alternative 
approach  here  is  to  represent  the  flux,  u<p ,  directly  by  an  approximating 
function  of  degree  one  less  than  the  desired  order  of  the  method. 
Multi-Level  Methods 

Another  way  to  achieve  higher  order  in  time  is  to  represent  the 
time  derivative  directly  by  higher-order  difference  representations 
involving  more  than  one  previous  time  level.  Chief  among  such  methods 
is  the  three-level  "leapfrog"  scheme,  which  is  constructed  using  a 
second-order  central  time  difference. 

Multi-Stage  Methods 

In  many  methods  several  stages  may  be  involved  in  progressing  to 


the  next  time  level.  These  stages  often  involve  intermediate  time  levels 
and  points  between  grid  points.  The  schemes  forming  the  intermediate 


stages  are  usually  of  lower  order  than  the  overall  scheme.  It  la  possible, 
of  course  to  algebraically  combine  these  stages  Into  a  single  step. 

However,  the  actual  computation  Is  done  in  the  separate  stages,  and  the 
presentation  is  certainly  not  elucidated  by  the  combination.  Truncation 
error,  phase  error,  and  stability  analyses  do  require  the  single-step 
form.  Stencils  are  shown  for  each  stage  of  such  methods.  It  Is  clear 
from  the  stencils  that  the  single-step  form  would  Involve  an  expanded 
stencil. 

Explicit  and  Implicit  Forms 

Explicit  methods  produce  values  nt  new  time  levels  directly  at 
each  point  In  succession,  since  the  new  values  at  each  point  depend 
only  on  old  values  at  neighboring  points.  Implicit  methods  require 
the  solutlonofa  system  of  algebraic  equations  at  each  new  time  level, 
since  the  new  values  at  each  point  depend  on  the  new  values  at  adjacent 
points  as  well  as  on  the  old  values.  Implicit  methods  allow  larger 
time  steps  but  It  is  generally  not  possible  to  take  advantage  of  this 
increased  stability  in  convection  problems  without  sacrificing  accuracy 
because  of  dispersion  in  the  solution.  Implicit  methods  are  more  Important 
with  stiff  systems  of  equations,  which  have  widely  different  time  scales 
for  the  various  components. 

Difference  -  Differential  Methods 

In  some  schemes  difference  approxlmat ions  are  made  only  In  space 
or  only  In  time,  and  the  resulting  set  of  simultaneous  ordinary 
differential  equations  is  solved  by  one  of  many  established,  highly 
accurate  procedures  for  such  equations.  When  the  ordinary  differential 
equations  are  in  time,  the  scheme  Is  referred  to  as  the  "method  of  lines." 
In  this  case  the  size  of  the  system  of  ordinary  differential  equations 
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to  be  solved  is  equsl  Co  the  product  of  the  ouaber  of  dependent  variables 
and  the  number  of  points  in  the  field.  With  spatial  ordinary  differential 
equations,  however,  the  syataa  is  such  aaaller,  consisting  of  simply  one 
equation  for  each  dependent  variable. 

Finite  Element  Methods 

Finite  element  methods  involve  representing  the  solution  as  a  finite 
series  of  basis  functions, with  the coef f iclents  in  the  series  being  the  values 
of  the  solution,  and  perhaps  some  of  its  derivatives,  st  certain  points  on  the 
elements  which  fit  together  to  cover  the  field  in  space  and  perhaps  time  also. 
This  representation  is  substituted  in  the  differential  equation,  and  the 
residual  is  required  to  be  orthogonal  to  the  basis  funct  ions  over  the  element. 
The  result  is  a  system  of  algebraic  equations  which  must  be  solved  over  the 
field.  Such  methods  are  inherently  implicit. 

Truncation  Error 

The  truncation  error  of  a  difference  scheme  la  obtained  by  expanding 
all  variables  in  the  difference  equations  in  Taylor  series  about  some 
certain  point,  and  Invoking  the  partial  differential  equation  and  its 
derivatives  to  cancel  terms  wherever  possible.  Certain  difference  expressions 
are  common  to  many  schemes,  so  Che  truncation  error  analysis  can  be  facilitated 
by  first  evaluating  the  error  of  these  component  expressions.  Thus 


6f  . 

=  f  .  - 

r  ,  -  f  Ax  +  f  _ 

+  0(Ax5) 

(29. a) 

1 

1+^ 

i-'-i  x  xxx  24 

ufi 

*  W  ■ f  +  f*x  ¥ +  0(ax4) 

(29. b) 

u«fj 

“ 

-  fi-l>  ■  fxto  +  fxxx 

— -  +  0(Ax5) 

(29. c) 

z  fi+l 

fi  *  ^  +  fxx  ¥  + 

0(4x3) 

(29. d) 

7fi 

5  fi- 

fi-l“  V*-fxx¥ 

+  0(dx3) 
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4\  ■  fi+l  -  2fi  +  fl-X  ■  +  fxxx  IT  +  <29-f> 

with  similar  relations  for  t lae  derivatives.  With  these  relations,  the 
truncation  error  of  the  scheme 

2  2 

An+1  .  An  _  fsn  Sn  )  +  u  at  /J»  _  24n  +  an  1 

*i  *1  2 Ax  (*i+l  *i-l'  ,,_2  (*i+l  2*1  +  *1-1' 


2  Ax 


uAt  .  .  .  ,u  At.  .2.  .n 
(l  -  —  Mi  +  Hi— )  A 


for  unlfoni  velocity  is  given  by 

T  -  [*tAt  ♦  ^  ^  ^  ♦  °(AtS)  ♦  2g-  UXAX 

+  ♦  ^  +  0(Ax5)]  -*f(^)2[«  Ax2 

xxx  6  Ax  XX 

*  *xxxx  TT  +  °<^6>J 

*  (\  +  uV4t  *  <♦«  -  u2*xx>  +  ♦ttt 


♦  “♦xxx  ^T~  +  0<at4,  it;2ax2> 


(30) 


(31) 


But  by  Eq.  (1)  and  (12)  the  first  two  terms  vanish.  Also  A  __  -  + 

ttt  xxx 

so  that  the  final  truncation  error  expression  Is 


T  -  [1  -  (^)2]u* 

Ax  xxx  6 


(32) 


and  the  scheme  is  thus  second  order. 

Difference  Expressions 

Difference  expressions  for  derivatives  obtained  by  differentiating 
interpolat ion  polynomials  may  be  generalised  to  arbitrary  order  as 
follows.  With  the  displacement  operator  defined  as 

Eli  5  fm  <33> 

we  have  from  the  definitions  of  the  difference  operators  in  Eq.  (29) 
the  following  operator  equivalences: 


t  * 
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6  -  E*  -  E*'* 

U  -  W*  +  E-,j) 


(34. a) 
(34.  b) 


a  -  e  -  i 


(34. c) 


V  •  1  -  E 


(34 .d) 


Ef  *  Jo  nfr okf  -  <  Jo  ^rr  ck>f 


which  yields  Che  operator  equivalence 


E  -  ~  14*21.  .  e**D 

b  k“0  k/  * 


and  then 


AxD  -  InE 


Using  the  equivalences  of  Eq.  (34)  we  have 


AxD  «  2  sinh-1(|) 


(38..) 


•  in  (l  +  a) 


(38. b) 


Now  by  Taylor  series  expansion  on  a  uniform  grid, 

,  “  r(k)  (Ax)k 

ri+l  k-0  1  k! 


where  the  superscript  (k)  indicates  the  k-th  derivative.  With  the 
derivative  operator  defined  as  Df  -  f  ,  Eq.  (35)  can  be  written 


-  -in  (l  +  v) 


(38. c) 


Difference  expressions  for  approximation  of  derivatives  to  any  order 
■ay  then  be  obtained  from  truncated  expansions  of  the  expressions  in 
Eq.  (38).  Proa  Eq.  (29),  the  leading  tens  of  the  expansions  of  if, 

Af,  and  Vf  are  all  fxAx.  Therefore,  the  truncation  error  of  the  difference 
expressions  obtained  from  Eq.  (38)  is  obtained  by  replacing  the  operator 
with  AxD  in  the  first  ten  following  the  truncation. 


J  ,v 


'i-'W.v’' 


f^+2»  etc .  This  can  be  avoided  by  using  the  identity:  u  "1+^-6 
Then  we  may  write 

-i  -1 

fx  *  ^  (  w(l  +  £«2)  2  2  sinh  (|)]f 
1  ,  .  ,  Md5  .  , 

*  te  (w4  '  T  +  lo  *  *  •  3  f 

Here  truncation  after  the  first  power  of  £  yields 

fx 4  s  u4f  ’  -k  u(f4  -  fi-|) 


2ZJ  l(fm  +  V  -  (fi  +  fi-l)J 


2 Ax  <fi+l  *  fi-l) 


which  is  the  familiar  central  difference  approximation,  with  truncation 

*if  . 

6  xxx 

Higher  derivatives  are  obtained  in  an  analogous  manner: 


fxx  *  72  (toD)2f 
Ax 


-K  (/*<1  ♦  A)  ]2f 
AX 


-L(a-Aa2+.U3  .  .  .,2f 

Ax 


1  .2  3  .  11  .4  55  ,f 

~2  (A  -  A  ♦  yy  4  -  4  *  +  •  •  .)f 

Ax 


fxx  ■  -S 12  ,inh  _14))2f 
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Also, 


Truncation  after  the  flrat  ter*  in  thla  laat  expreaaloo  yields  the 
familiar  three-point  central  difference  approximation  for  the  second 
derivative: 


f 

xx 


2fi  *  fi-l) 


2 

x 

with  truncation  error  -  -jj-  f„xxx- 

Another  variation  of  the  above  is  as  follows:  Using  the  displaceaent 


operator  E,  we  may  write 

fx  “  5  ^  "  5  taD(tfi-i)  ’  i  <*E>  Efi-i 

-  ~  lln  (1  +  A)](l  ♦  d)fi_1 

-  ^  l-ln  (1-  7)1(1-  7)_1ftl 

-  (2  sinh_1(|)lexpl2  ainh_A(|)  )f t  l 

_  1 

“  S  W<1  +  ?  «2>  2  12  slnh*l<§))  exp[2  ainh'^j)  Jf^ 


Expreaaiooa  of  this  type  yield  the  derivatives  at  x^  without  using  the 
value  of  f  at  x^.  Obviously  the  displacement  operator  may  be  used  to 
generate  similar  expressions  not  involving  f j+j,  or  any  others 

desired.  The  extension  to  higher  derivatives  Is  obvious  also: 

t„  -  5^(A*D)2f  - 

Note  also  that 

fx  '  £  AxDf  *  £  iKDE'lfi+l  •  «c- 
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Note  also  that  expressions  Involving  differences  of  the  derivatives 


can  be  obtained.  Thus,  using  Eq.  (38), 


f 


x 


Df 


But  then 


D_1fx  -  f  (39) 

With  D  represented  by  an  expression  such  as  Is  given  in  Eq.  (38), 
this  becomes  a  representation  Involving  differences  of  fx  instead  of 
f.  Similarly,  we  may  write 


f 


xx 


D2f 


and  then  either 


D'V 


Df  -  f 


(40) 


or 

D'2f  -  f  (41) 

XX 

The  first  of  these,  with  the  expressions  of  Eq.  (38),  represents  f 

in  terms  of  differences  of  f  ,  while  the  second  is  a  relation  between 

xx 

f  and  differences  of  Clearly  a  wide  variety  of  expressions  can 

be  obtained  by  algebraic  manipulation  of  these  operators.  Use  of  the 
2  «2 

Identity  u  -  1  +  -j- ,  or  other  identities,  increases  the  variety  even 
further. 

Dissipation  and  Dispersion 

Stability  and  phase  error  (dispersion)  are  analysed  by  substituting 

4  /  Vjr  .  ut  ) 

the  basic  wave  form,  w  -  e  ,  with  k  real  and  w  complex.  Into 

the  difference  equation.  Since  this  Is  one  element  of  a  Fourier  series, 
any  error  can  be  represented  as  a  superposition  of  such  elementary  wave 
forms.  Noting  that 


i 

! 
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w  _  el(loc  -  ut)  m  eKu)t  ei(kx  -  R(u>)  t] 


(42) 


where  R(  )  and  I(  )  represent  the  real  and  Imaginary  parts,  respectively, 

we  have  that  e1^1  la  the  amplitude  of  the  wave  and  R(u)t  is  the  phase 

t  ikx  —  iti\ 

shift.  If  the  wave  form  is  written  as  (  e  ,  where  t  »  e  then  with 

t  *  nAt  we  have  -  QnAt  -  (t4t)  »  C™  with  G  =  (;At.  The  wave  form  then 

.  „n  lkx  At  -1m  At  I(w)At  -iR(w)At 

Is  w  *  G  e  .  Now  note  that  C  ■  C  »  e  •*  e  e 

Thus 

R(C)  +  11(G)  -  eI(U)At(cos  R(u ) At  -  1  sin  R(u)At) 


so  that 


1(G)  -  cos  R(u) At 

1(G)  -  -eI(ul)At  sin  R(u) At 


(43. a) 
(43. b) 


Then 

K§“  '  tan  1 

so  that 

R(w)At  -  -  tan  (44) 

which  is  Che  phaseshift  that  occurs  at  a  fixed  location  during  time  At. 

Now  the  phase  shift  that  occurs  during  At  due  to  the  convection  of 
the  wave  Is 

k(uAt)  -  koAx,  where  o  <  ,  the  Courant  number. 


Therefore  the  dispersion  of  the  wave  during  time  At  Is  the  difference 
between  these  two  phase  shifts: 

c  -  koAx  +  tan’1!^^-]  (45) 

The  dissipation  Is  given  by 

t  -  1  -  |G|  (46) 

Stability  requires  that  |cj  <  1. 

Again  it  la  convenient  to  have  available  the  reeults  of  substitution 
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of  che  baalc  wave  fora  into  Che  expanelon  of  Che  difference  operatora 
given  in  Eq.  (29).  Thua,  wich  6  =  kAx, 


«w  -  1(8  -  ®T)w  +  0(B5) 

(47. a) 

uw  -  (1  -  £w  +  0(B4) 

(47. b) 

m6w  ■  1(8  -  ^r-)w  +  0  (b4) 

0 

(47. c) 

Aw  -  (18  -  i  62)w  +  0(b3) 

(47 .d) 

Vw  -  (»  +  y  62)w  +  0(6 3) 

(47.  e) 

4 

«2w  -  -  (B2  -  |y>«  +0(8 6) 

(47. f) 

Alternatively,  che  full  expreaaion  can  be  derived  by  aubsClcuClon  of  che 


wave  fora  dlrecCly  InCo  the  difference  expresaiona.  Thua,  for  exaaple , 
«w  -  w1+J|  -  wt  ^  -  GnteU(*  *  T*  -  elk(x  “  T)) 


B  B 

(e1!  -  e'1!)- 


■  21  a  in 


(■§>» 


(48.e) 


Siailarly , 


pv  ■  coa  (-^)w 

(48.  b) 

yiw  •  1  aln  8-  w 

(48. c) 

Aw  -  (el8  -  1) w 

(48 .d) 

-l6 

Vw  -  (1  -  •  ;w 

(48. e) 

82w  ■  2(coa  8  -  l)v 

(48. f) 

The  expressions  In  Eq.  (47)  ere  slaply  the  t runes ted  expensions  of  those 
In  Eq.  (48).  Considering  egein  the  echeae  given  by  Eq.  (30)  with  uniform 
velocity  es  en  exseple ,  we  heve 


Thus 


cn+l  (1  _  oJ(g  .  *1)  .  ^  82)w  +  0(8* 


g3  2  ,  . 

C  -  1  -  io(8  -  - j-)  -  62  +  0(6*) 


The  phase  error  then  Is 


G  «  06  +  tan 


-1 


■o(6  -  ^>1 


i .  4 g2 


-  5|_  (1  -  o2)  +  0(64) 


4 

end  the  dissipation  Is  0(6  )• 

It  is  the  phase  error  that  causes  oscillations  In  the 
the  difference  equation  In  the  vicinity  of  sharp  gradients 
causes  the  solution  to  be  smoothed  out. 


)  (49) 

(50) 

(51) 

solution  of 

The  dissipation 
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III.  LOW-ORDER  METHODS 

First-Order  Upwind  Methods 

Purely  Upwind  Methods 

The  use  of  first -order  upwind  difference  expressions  for  the 
convective  terns,  which  with  flow  to  the  right  has  the  stencil 


yields  a  very  stable  scheme  because  large  numerical  dissipation  is 
introduced.  However,  this  dissipation  Is  excessive  and  will  obliterate 
solution  gradients  In  long-range  solutions.  Second-order  central  difference 
expressions  with  the  stencil 


have  much  less  dissipation  but  are  unstable  without  some  physical  diffusion 
unless  some  numerical  dissipation  is  added  to  the  equation.  With  physical 
diffusion  present,  central  differences  lead  to  spatial  oscillations, 
often  called  "wiggles,"  Hear  sharp  gradients  when  the  cell  Reynolds 
number  exceeds  2.  Hybrid  methods  have  been  constructed  which  represent 
the  convective  terms  as  a  weighted  average  of  upwind  and  central  differences, 
switching  more  toward  the  former  as  the  cell  Reynolds  number  increases. 

It  should  be  recognised,  however,  that  the  large  dissipation  Introduced 
by  first-order  upwind  differences  makes  the  solution  in  essence  a  low 
Reynolds  number  solution. 


First-order  upwind  differences  were  used  by  Narayanan  and  Shankar 


(Ref.  151)  to  model  flow  in  a  shallow  estuary.  The  results  show 
considerable  dissipation  as  expected.  In  Ref.  59,  de  Vahl  Davis 
and  Halllnson  found  that  the  first-order  upwind  scheme  severely  Bis- 
represented  the  solution  for  a  cavity  flow  problem. 

Hybrid  Methods 

The  hybrid  aethod  used  by  Spalding  (Ref.  192)  for  convective- 
diffusion  equations  aaploys  first-order  upwind  differencing  when  the  cell 
Reynolds  nuaber  Is  greater  than  2,  and  second-order  central  differencing 
otherwise.  Ralthby  and  Torrance,  Ref.  1M  ,  also  used  the  hybrid  approach 
In  the  fora  of  a  weighted  average  of  second-order  central  and  first- 
order  upwind  differences.  In  one  version  the  weights  were  determined 
by  the  local  cell  Reynolds  nuaber,  upwind  differences  being  used  for 
Reynolds  nuaber  greater  than  2,  with  a  continuous  transition  to  central 
differences  as  the  Reynolds  nuaber  approaches  sero.  In  another  version 
the  weights  were  determined  to  satisfy  a  local  exact  solution,  in  a 
manner  similar  to  that  used  by  Chlen  (Ref.  43). 

Rune  ha  1  (Ref.  182)  found  the  averagad  central-upwind  scheme  useful 
for  a  fluid  In  solid-body  rotation.  However,  Leschziner  and  Rodi  (Ref.  131) 
found  the  use  of  weighted  average  of  second-order  central  differences 
and  first-order  upwind  differences  to  be  highly  deficient  because  of 
the  strong  dissipation.  Heydwelller  (Ref.  100)  used  a 
weighted  average  of  second-order  central  differences  and  first-order 
upwind  In  a  met  hod -of -lines  form.  Comparisons  are  given  for  convection 
of  a  triangular  wave  on  the  following  page: 


A  «  6  •  f  <*•**•*< 


♦  *0' 


S"*m **> 

1 .... 


Fig.  I.  Effect  of  A  +  B  on  solution  of  Eq.  (19)( - exact  solution). 

(Ref.  100) 

No  combination  Is  satisfactory  because  of  the  low  order  of  the  scheme. 

A  variant  of  the  first-order  upwind  scheme  In  a  hybrid  context  is 
given  by  Rlottner  In  Ref.  27  for  a  steady-state  problem.  Here  the 
difference  equation  le  applied  at  mid-points,  so  that  the  two-point 
convective  difference  expression  between  grid  points  can  be  interpreted 
as  a  central  difference  at  the  eld -point ,  and  hence  as  second-order 
accurate.  The  three-point  diffusion  difference  representation  on  grid 
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points  then  oust  be  Interpreted  ss  first  order,  since  It  Is  unsymmetric 
in  regard  to  this  mid-point.  Actually  this  scheme  was  only  used  outside 
a  boundary  layer,  where  diffusion  was  small,  with  the  conventional 
second-order  central  differencing  used  inside.  With  spatial  averaging 
of  the  time  derivative,  this  procedure  would  be  related  to  the  Keller 
box  scheme  for  t ime-dependent  equations. 

Khosla  and  Rubin,  Ref. 113,  represent  the  convective  derivative  as 
the  sum  of  the  first-order  upwind  difference  evaluated  at  the  advanced 
time  level  and  the  second-order  central  difference  for  the  second 
derivative  at  the  previous  level.  This  la  inconsistent  in  time-dependent 
problems,  but  reduces  co  second-order  central  differencing  for  the 
convective  terms  in  the  steady  state.  The  difference  equations  have 
diagonal  dominance  at  all  Reynolds  numbers. 

Rlamann  Solver  Methods 

Another  form  of  low-order  upwind  scheme  la  based  on  random  sampling 
of  the  results  of  Rlamann  solvers,  i.e.,  characteristic  solutions  which 
track  discontinuities.  Random  choice  methods  based  on  Rlamann  solvers 
have  been  used  by  Gllam  (Ref.  81),  Concua  and  Proskurowskl  (Ref.  53) , 
Chorln  (Ref.  46  and  47),  Colella  (Ref.  51),  Flores  and  Holt  (Ref.  70) 
DlPerna  (Ref.  61  ),  and  others.  Some  of  these  applications  have  bean  to 
petroleum  reservoir  problems,  while  others  have  treated  shocks. 

The  scheme  of  Osher  and  Solomon,  also  based  on  Rlamann  solvars, 

(Ref.  157)  is  designed  to  handle  discontinuities  such  as  shocks  and 
reduces  to  conventional  first-order  upwlud  differencing  with  smooth 
solutions.  This  approach  haa  also  been  used  by  Roe  (Ref.  175),  and 
Chakravarthy  and  Osher  (Ref. 38),  and  related  aarlisr  work  Is  given  In 
Majda  and  Osher  (Ref.  140). 
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Second-Order  Methods 


Srlnivas,  Gururaja  and  Prasad  (Ref.  194)  note  that  first-order  schemes 
yield  smooth  profiles  of  discontinuities  and  resist  nonlinear  Instability, 
but  are  too  disalpatlve.  Second-order  schemes  give  sharper  profiles, 
but  exhibit  oscillations  near  the  discontinuities  .  Higher-order  schesies 
do  not  attain  their  order  near  discontinuities. 

Symmetric  Methods 

The  classic  second-order  method  Is  the  Lax-Wendroff  scheme  mentioned 
on  p.  7,  which  can  be  obtained  by  expanding  the  solution  in  a  Taylor 
series  about  the  previous  time  level  and  replacing  all  time  derivatives 
with  space  derivatives  obtained  by  repeated  differentiation  of  the 
differential  equation.  (As  noted  on  p.  9  such  schemes  can  also  be 
obtained  via  the  characteristics  approach).  Higher -order  schemes  of 
this  type  follow  analogously.  Abarbanel  and  Goldberg  (Ref.  1) 
generalized  the  Lax-Wendroff  scheme  to  Include  e  source  term. 

The  Lax-Wendroff  method  Is  often  Implemented  as  a  two-stage  scheme 
Involving  mid-points  between  grid  points  and  a  half-integer  Intermediate 
time  level  as  given  by  Richtmyer  (Ref.  171) •  Some  such  schemes  are 
mentioned  leter  In  the  following  section  on  Comparisons.  McGuire  and 
Morris  (Ref.  14$)  generalise  this  two-stage  rendering  of  the  Lax-Wendroff 
method  to  Include  a  free  parameter.  The  stencil  is 


28 


•  ■  . 

i  i i — ii  i  1 1  Vi i ii~  i ~  I  tV* 1  i  i'T  i  V  i 


The  original  Richtayer  scheae  (Ref.  171)  and  the  method  of  Rubin  and 
Bursteln  (Ref.  177)  are  contained  In  this  formulation.  The  Bursteln 
two-stage,  second-order  scheae  (Ref.  36)  in  2D  uses  the  stencils 


This  scheae  is  of  the  saae  order  as  the  lax-Wendroff  scheme,  but  has 
nore  dissipation. 

Philips  and  Rose  (Ref.  163)  give  a  two-stage  scheae  which  is 
second  order  in  time  and  space.  This  scheae  is  a  leapfrog  second 
stage  written  between  half-integer  tlae  steps,  which  is  set  up  by  an 
averaging  first  stage.  The  stencils  are 


The  2D  version  is  a  three-stage  method,  in  which  the  first  two  stages 
use  the  first  stencil  above  separately  in  each  of  the  two  directions. 

The  final  stage  then  uses  the  second  stencil  in  2D  form.  Results  for  the 
shock  tube  problem  are  shown  on  the  following  page. 

The  second-order,  two-stage  MacCormack  method  (Ref.  13S)  has  been 
widely  used  in  coapresslble  fluid  dynamics.  This  scheae  Involves 
differences  in  opposite  directions  in  the  two  stages  with  the  typical 
stencils 
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(Ref.  163) 

Fig.  2.  A  comparison  of  the  numerical  and  exact  solution  of  a  Riemann 
problem;  the  shock  speed  exhibits  a  relative  error  of  3t 
(Scheme  1.2). 


Diffusion  terms.  If  present,  are  represented  by  the  same  central 
difference  expressions  In  each  stage.  Although  each  stage  is  first 
order,  the  result  is  second  order,  and.  In  fact,  can  be  viewed  as  a 
two-stage  Implementation  of  the  Lax-Wendroff  method.  The  method  is 
stable  for  Courant  numbers  less  than  raity. 

In  Ref.  136  Mac  Co  mack  introduces  a  new  version  of  the  time-split 
Mac  Co  mack  method  which  is  still  second  order  In  time  but  also  unconditionally 
stable.  The  new  version  Is  constructed  by  adding  another  stage  to  each 


iSt;,:-' 


of  the  two  stages  of  the  original  method.  Thia  additonal  stage  la  a 
Crank-Nicholson  form  with  first-order,  one-sided  spatial  differences, 
the  stencil  of  which  la 


The  overall  method  la  atill  second  order  and  remains  explicit  since  the 
additional  stages  are  applied  with  the  differences  opposite  to  the  sweep 
direction.  It  was  found  necessary  to  add  some  artificial  viscosity  with 
strong  transients. 

McGuire  and  Morris  (Ref.  144)  give  an  implicit  second-order  Crank- 
Nicholson  type  two- stage  method  In  ID  which  is  constructed  by  adding 
fourth-order  dissipation  to  the  Crank-Nicholson  method.  The  stencils  are 

n 

Boundary  conditions  are  done  explicitly  In  this  implicit  method. 

The  Arakawa  second-order  scheme  (Ref .  IS)  in  2D  uses  the  nine- 
point  spatial  stencil  with  leapfrog  time  differencing.  Lilly  (Ref.  133) 
has  shown  that  the  leapfrog  scheme  is  subject  to  weak  instability,  where 
solutions  at  odd  and  even  time  steps  become  uncoupled.  However,  the  use 
of  Adams-Bashforth  time  differencing 

♦“fl-  f+f  (3<  -  C1)  (1) 

which  is  also  three-level,  removes  ths  Instability.  However,  Or  stag 
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(Ref.  154)  notea  that  the  Adaas-Baahf orth  fora  requires  a  tlae  step 
that  is  half  that  of  the  leapfrog  fora  for  the  saae  accuracy.  The 
better  approach  then  aeeas  to  be  to  use  the  leapfrog,  and  control  the 
Instability  by  averaging  the  solution  at  successive  tlae  steps  at 
regular  Intervals.  The  stability  of  the  Arakawa  scheae  Is  usually  auch 
greater  than  that  of  the  conventional  central  difference  fora.  The 
latter  is  a  bit  more  accurate,  however. 

Chan  (Ref.  40)  constructs  a  second-order  explicit  aethod  by  a 
Taylor  series  expansion  about  the  previt.  lae  level  with  the  second 
time  derivative  determined  from  differentiation  of  the  differential 
equations  as  usual.  However,  Instead  of  then  expressing  the  tlae 
derivatives  In  terns  of  space  derivatives,  the  first  tine  derivatives 
are  considered  additional  dependent  variables.  This  approach  will 
expand  the  stencil  in  effect,  since  these  first  tine  derivatives,  which 
depend  on  spatial  differences  of  the  funcclon,  will  thenselves  be 
differenced  In  the  equation  for  the  new  function  value. 

As  noted  in  Turkel,  Abarbanel,  and  Gottlieb  (Ref.  216)  second- 
order  explicit  methods  in  20  that  are  not  compact,  i.e.,  that  are  not 
based  on  Hermlte  interpolation  polynomials,  require  a  ainlsaia  of  seven 
points  at  the  previous  tlae  level,  while  most  scheaes  us#  nine  for 
symmetry.  For  third-order  the  required  number  of  points  Increases  to 
25.  The  aethod  of  lines,  In  which  the  equation  Is  discretized  in  space 
.4  and  Integrated  as  a  systea  of  ordinary  differential  equations  in  time, 

requires  even  more  points,  since  equations  for  all  points  on  an  entire 
•  line  (or  plane  Is  3D)  are  integrated  at  once.  Llvlne  (Ref. 134  )  also 

-  i  shows  that  at  least  seven  points  Bust  ultimately  be  involved  In  a  second- 

order  scheae  In  2D.  The  Lax-Wendroff  scheme  (Ref. 121  )  and  several 
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others  Involve  nine  points,  but  the  MacCormack  scheme  (Ref.  135;,  discussed 
later  In  this  section.  Involves  seven  points.  General  seven-point  schemes 
are  given  and  are  found  to  be  twice  as  fast  as  nine-point  schemes. 

In  Ref.  56,  Cushman  shows  that  several  common  finite  difference  schemes 
with  uniform  velocity  can  be  obtained  from  a  Galerkln  finite  element 
construction  in  space  and  time. 

Spatial  Oscillations 

Siemieniuch  and  Gladwell,  Ref.  188,  analyzed  several  common  lower- 
order  methods  for  the  convection-diffusion  equation  to  determine  con¬ 
ditions  for  oscillation-free  solutions  as  well  as  stability.  Those 
conditions  place  restriction  on  the  cell  Reynolds  number.  Khosla  and 
Rubin  (Ref.  115)  note  that  nonlinear  instability  arises  for  cell  Reynolds 
greater  than  2  for  conventional  second-order  methods,  essentially 
independent  of  the  Courant  number.  Fisk,  in  Ref.  69,  notes  that  the 
spatial  oscillations  that  occur  with  central  difference  schemes  at  larger 
cell  Reynolds  numbers  in  convection-diffusion  equations  appear  even  for 
approximation  techniques  in  which  time  is  continuous.  Hirsh  and  Rudy 
(Ref.  102)  show  that  the  cell  Reynolds  number  limit  characteristic  of 
explicit  methods  using  central  space  differences  appears  also  in  tri- 
diagonal  implicit  methods,  making  the  trldlagonal  algorithm  fail  due  to 
the  building  of  rounding  error  when  diagonal  dominance  is  lost.  Griffiths 
(Ref.  91)  determines  that  at  least  two  points  must  be  within  a  boundary 
layer  to  suppress  oscillations  with  central  differences. 

In  Ref.  120,  Lam  and  Simpson  analyse  the  Keller  box  scheme  (Ref.  108) 
and  conclude  that  this  second-order  scheme  la  superior  to  the  second- 
order  central  difference  scheme  in  both  dispersion  and  dissipation, 
especially  as  convection  dominates.  The  box  scheme  la  constructed  by 


applying  Che  difference  equation  In  ID  at  x  +  Ax  and  t  +  |  At.  Thla 
aaounta  to  a  spatial  averaging  of  the  time  derivative  with  central 
space  differences,  and  the  stencil  la 


This  scheme  has  much  more  gradual  breakdown  at  higher  cell  Reynolds  numbers 
than  does  the  central  scheme  because,  unlike  the  latter,  the  various 
modes  do  not  all  begin  to  oscillate  at  once.  In  fact,  the  dominant  modes 
are  the  last  to  go.  The  box  scheme  also  retains  Its  second-order  accuracy 
on  a  nonuniform  grid.  Diffusion  Is  Included  by  considering  the  first 
derivatives  to  be  additional  dependent  variables,  so  that  a  system  of 
first-order  equations  is  solved. 

Upwind-Biased  Methods 

Cushman  (Ref.  57)  obtains  upwind  schemes  from  a  Galerkin  finite  element 
construction  in  space  and  time.  The  first-order  versions  of  these 
schemes  have  stencils  of  the  form 

Et  ~  EE 

where  the  location  of  the  point  at  the  advanced  time  is  a  free  parameter. 
Schemes  with  the  location  at  the  advanced  time  level  to  the  right  of  the 
grid  points  at  the  previous  level  require  that  the  Courant  number  be 
greater  than  1  and  lesa  than  2  for  stability.  The  aecond-order  version, 
analogous  to  the  two-stage  Lax-Wandroff  method,  has  one  of  the  above 


stencil  a  for  th«  first  stags  (but  to  ths  t  +  -y  level)  and  one  of  tha 
following  forms  for  the  second. 


However,  the  optlnua  location  of  the  point  at  the  advanced  tine  was 
found  to  be  at  tha  eld -point  for  the  first  stage, thus  reducing  the 
stencil  to  the  conventional  Lax-Wendroff  form.  With  nonunlfora  velocity, 
the  present  formulation  replaces  the  velocity  with  a  three-point  spatial 
average . 

Warning  and  Bean  (Ref.  219)  give  a  completely  upwind  version  of  the 
MacCormack  method  using  tha  following  stencils  for  the  two  stages: 


The  scheme  la  second  order,  as  Is  the  original  MacCormack  method,  and  Is 
stable  for  Courant  numbers  less  than  2.  As  with  all  upwind-biased  schemes, 
It  must  be  applied  In  the  proper  direction.  Comparisons  of  dissipation  and 
phase  error  for  this  and  ths  original  MacCormack  methods  are  given  on  the 
following  page.  Both  the  dispersion  and  the  dissipation  are  greatest  for 
short  wavelength j.  The  syametrlc  MacCormack  method  has  a  lagging  phase 
error,  while  the  upwind  version  has  a  leading  error.  Ths  magnitude  of 
the  phase  error  Increases  as  the  Courant  number  decreases  for  each  method. 
The  dissipation,  however.  Increases  as  the  Courant  number  decreases  for 
the  upwind  method,  but  decreases  in  th<*  symmetric  version.  In  fact,  the 
dissipation  for  one  method  Is  the  seme  as  that  of  the  other  for  a  Courant 


The  phase  error  Is  lagging  In  this  range,  and  is  surprisingly  lower. 

Since  the  present  scheme  and  the  original  MacCormack  scheme  have  opposite 
phase  errors,  there  is  some  impetus  to  apply  the  two  schemes  in  alternation 
at  successive  time  steps. 

In  Ref.  197  ,  Steger  and  Warming  construct  schemes  for  the  gasdynamlc 
equations  that  are  based  on  splitting  the  flux  vectors  so  that  differencing 
can  be  done  according  to  the  signs  of  eigenvalues.  For  scalar  equations 
this  reduces  simply  to  upwind  differencing.  It  is  noted  that  the 
conventional  MacCormack  method,  being  symmetric,  has  a  lagging  phase 
error,  and  that  the  completely  upwind  version  given  by  'arming  and  Beam 
(Ref.  219  X  which  is  also  second  order,  has  a  phase  lead.  Therefore  the 
alternation  of  these  two  forms  reduces  the  phase  error.  The  effect  of 
this  alternation  is  shown  below  for  the  shock  tube  problem: 


Shock  tube  solution  obtained  iwnf  second  order  enplscit  upwind  Shock  lube  solution  obtained  with  explicit  MacCormack 
Fig.  5(Ref .  197)  Fig.  6(Ref.  197) 


Shocfc-etbc  tsrhssma  absamed  by  sham  asms  capbeit  upwmd  and  MacCormack  schemes. 

Fig. 7(Ref .  197) 
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The  el t erne ting  version  Is  superior  Co  either  of  Its  constituents. 


Carver  (Ref.  37)  constructs  an  upwind-biased  Method  based  on  the 
characteristics  for  a  syaten  of  equations.  This  Method  evaluates  different 
spatial  differences  in  different  ways  according  to  eigenvalue  signs  and 
la  related  to  the  flux-vector  splitting  Methods.  For  a  single  equation, 
conventional  upwind  Methods  result.  The  spatial  differences  are  evaluated 
by  either  a  four-point  Lag  rang  ian  upwind  fonula  or  a  three-point  Heralte 
upwind  foraula,  both  of  which  are  third  order.  Lower -order  fomulas  of 
either  type  were  found  to  give  excessive  phase  error.  The  use  of  characteristic 
directions  greatly  increases  Che  stability.  The  Method  is  not  significantly 
nore  difficult  to  laplaMent  than  conventional  Methods.  The  time  integration 
is  by  the  Method  of  lines,  l.e.t  integrating  a  syaten  of  ordinary  differential 
equations  in  tine,  the  nuaber  of  which  is  the  product  of  the  nuaber  of 
dependent  variables  and  the  nuaber  of  field  polnta. 

Coapar Isons 

Turkel,  in  Ref.  214,  analyses  a  nuaber  of  second-order  scheaes  for 
phase  error: 

(1)  The  2D  Lax-Wendroff  scheae  (Ref.  121),  a  two-stage  Method  with 
the  stencil 

±t± 

1st  stage  :  I  i  1  2nd  stage  : 

i  t 


la  stable  for  tha  individual  Courant  nuabers  laas  than  —  and  has  a 

/S 

phaaa  lag. 

(2)  The  2D  MacCoraack  method  (Ref.  135) la  a  two-stage  method  with 
four  var  let  Iona  of  the  stencil 


This  method  requires  fewer  operations  than  the  Lax-Wendroff ,  but  la 
weakly  unstable  In  soae  cases.  This  instability  aay  be  localized  .however, 
and  can  be  controlled  with  soae  Mall  viscosity  If  necessary,  and  the 
method  Is  widaly  used.  The  phase  lag  Is  larger  than  that  of  the  Lax- 
Wendroff  method. 

(3)  The  generalized  two-stage  2D  Bursteln  method  (Ref.  36)  has  the 
stencil 

u 

and  two  free  perMCters.  One  of  these  perameters  controls  the  Inclusion 
of  fourth-order  dissipative  terms.  Without  these  terms  the  method  Is 
weakly  unstable  except  for  one  value  of  the  other  parameter  for  which  the 
scheme  Is  stable  for  both  Courant  numbers  less  than  unity.  This  version 
la  known  as  the  rotated  Richtmyer  method.  As  with  the  MacCormack  method, 
the  Instability  may  be  localized  and  controllable.  Without  the  dissipation 
the  phase  lag  la  greater  than  that  of  the  Lax-Wendroff  scheme  for  all 
values  of  the  second  parMeter.  However,  with  the  fourth-order  dissipation 


Included,  the  phase  error  can  be  brought  below  that  of  the  Lax-Wendroff 
method.  The  phase  error  decreases  as  the  second  parameter  Increases,  but 
the  stability  Halt  on  the  tiae  step  decreases. 

(4)  The  generalized  Burstein  scheae  operated  in  a  split  mode  (Ref.  145) 
uses  the  following  ID  stencils 


This  split  scheae  seems  to  have  phase  error  comparable  to  that  of  the 
2D  Lax-Wendroff  scheae  but  allows  larger  time  steps,  since  the  stability 
is  determined  by  the  ID  schemes.  The  time-split  version  is  stable  for 
both  Courant  numbers  less  than  unity. 

(5)  The  leapfrog  aethod  Is  a  single-stage  2D  method  using  three 
tlae  levels  with  the  stencil 


The  phase  error  is  the  saae  as  that  ot  the  Lax-Wendroff,  and  the  stability 
Is  better,  l.e.,  the  sun  of  the  Courant  numbers  is  less  than  unity,  but  not 
as  good  as  with  tlae-spllttlng. 

(6)  The  aethod  of  Pros*  (Ref.  72)  Is  an  upwind-biased  method  with 


the  ID  stencil 


In  the  time-split  mode  this  method  la  stable  for  the  Courant  nuabers  less 
than  ^ .  In  contrast  to  the  symmetric  scheaea  this  upwind-biased  scheae 
has  a  phase  lead,  which  Is  slightly  smaller  than  the  phase  error  of  the 
other  methods  and  vanishes  for  Courant  nuaber  of  -j  .  The  allowable  time 
step  Is  smaller,  however,  and  the  stencil  extends  beyond  the  lmaedlate 
neighbors. 

(7)  The  Krelss-Ollger  extension  of  the  2D  leapfrog  method  to  fourth 
order  In  space  (Ref.  117)  has  the  stencil 


2D 


and  Involves  three  time  levels  as  before.  This  scheme  has  a  phase  lead 
which  decreases  as  a  cubic  In  the  time  step,  in  contrast  to  the  other 
methods  for  which  the  decrease  is  linear.  This  method  should  therefore 
be  aore  competitive  at  smaller  time  steps.  However,  ex per ience  has  shorn 
that  the  errors  accumulate  if  the  step  is  too  Mall.  The  optimal  seems 
to  be  for  Courant  nuabers  around  j  . 

(8)  The  two-stage  method  of  Crowley  (Ref.  55  )  has  the  stencil 


However,  there  seams  to  be  no  advantage  over  the  tlae-spllt  methods, 
and  thla  method  is  more  complicated. 
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(9)  The  generalisation  of  the  two-stage  Richtnyer  scheme  with  one 
free  parameter  given  by  Gourlay  and  Morria  (Ref.  85)  haa  the  atencll 
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for  both  atagea.  Aa  with  the  Buratein  general i*at ion,  the  phaee  lag  and 
the  allowable  tine  atep  decreaae  aa  the  free  parameter  increaaea.  The 
phase  error  la  larger  than  that  of  the  Buratein  scheme,  though. 

Sone  comparisons  of  phaae  error  fron  theae  ach^ea  are  given  In 
the  figures  below  for  a  Courant  number  of  j-.  There  the  phaae  lteelf  ia 
plotted  so  that  the  error  ia  indicated  by  the  dlatance  away  from  the 
diagonal  line  giving  the  true  phaae.  Plota  allowing  amplitude  damping 


are  also  shown. 

r 


(Ref.  214) 


Fig.  9.  Generalised  Buratein  scheme 
with  a  \vlacosity  coefficient 
of  0.0625. 
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Fig.  10.  Similar  to  Fig.  9  but  with  a  viscosity  coefficient  of  0.125 

for  those  schemes  containing  an  artificial  viscosity.  (Ref.  214) 


(Raf.  214) 

Fig-  11.  Morn  of  the  anpllf lcation  matrix  for  those  schanes  appearing  In 
Fig.  8. 


Fig.  12.  Morn  of  the  anpllf  lcation  matrix  for  those  achsnaa  appearing  in 
Fig.  9.  (R«f.  214) 


Fig.  13.  Nora  of  the  amplification  matrix  for  those  acheaes  appearing 
In  Fig.  10.  (Ref.  214) 

All  of  the  acthods  approximate  the  phaae  of  the  longest  waves  well. 
However,  there  are  striking  differences  with  short  waves.  Without 
artlflcal  viscosity  none  of  these  schemes  is  superior  in  phase  error 
to  the  Lax-Wendroff  scheme ,  sod  some  are  very  bad.  The  Clae-spllCClng, 
however,  works  well.  The  Bursteln  scheme  clearly  Improves  Its  phase 
quality  with  Increasing  values  of  the  free  parameter,  but  only  approaches 
the  quality  of  che  Lax-Wendroff  scheme.  With  some  artificial  viscosity 
added  through  the  second  free  parameter,  the  Bursteln  scheme  Improves  In 
phase  quality  dramatically  and  la  superior  to  the  Lax-Wendroff  for  short 
waves  since  the  short  waves  are  strongly  damped.  However,  there  is 
significant  damping  over  a  very  large  range  of  wavelengths  as  well. 

As  noted  above,  the  short  waves  are  not  represented  accurately 
anyway*  so  it  may  be  best  to  damp  out  these  components  with  some  type 
of  artificial  viscosity  or  filter.  The  Lax-Wendroff  and  time-split 
methods  do  damp  these  short  waves  as  desired,  as  la  shown  in  the  amplitude 
plots  above.  The  Bursteln  scheme,  however,  has  its  maximum  damping  at 
Intermediate  wavelengths.  The  leapfrog  method  has  no  damping,  and  the 


Burstein  scheme  approaches  this  scheme  in  phase  and  amplitude  as  the 
free  parameter  Increases.  Too  large  a  value  of  the  damping  parameter  in 
the  Burstein  scheme,  however,  degrades  even  the  phase,  as  is  evident 
in  the  last  figure  above.  Here  the  damping  is  strongest  at  Intermediate 
wavelengths . 

The  conclusions  of  this  study  are  summarized  as  follows.  Of  the 
methods  considered  (second-order),  the  leapfrog,  having  no  artificial 
dissipation,  seems  to  be  best  for  smooth  problems.  For  more  general 
problems  time-splitting  is  more  appropriate  in  regard  to  both  stability 
and  phase  error.  The  Lax-Wendroff  is  the  best  of  the  schemes  considered 
in  regard  to  phase  error,  but  this  method  requires  a  smaller  time  step 
than  the  time-split  schemes.  The  Burstein  methods  without  artificial 
viscosity  and  the  generalization  of  the  Richtmyer  scheme  have  entirely 
too  much  phase  error.  In  general  the  time-splitting  approach  is  the 
most  reasonable,  followed  by  the  leapfrog  or  the  Lax-Wendroff  scheme. 
However,  all  of  these  second -order  schemes  leave  a  lot  to  be  desired 
In  phase  quality. 

Runchal  (Ref. 181  )  compares  several  common  lower -order  schemes  in 
terms  of  dispersion  and  dissipation.  The  schemes  compared  are  listed 
on  the  following  page  and  the  dispersion  is  shown  in  the  next  figure. 

The  diagrams  (a)  and  (b)  represent  pure  convection,  while  the  other  two 
show  the  effect  of  Including  diffusion.  The  explicit  upwind  scheme 
has  no  dispersion  at  the  Courant  numbers  shown,  but  such  is  not  the 
case  for  other  values.  Of  the  upwind  schemes,  which  are  first  order 
In  space,  the  implicit  has  the  greatest  dispersion  for  pure  convection. 

The  inclusion  of  diffusion  in  an  explicit  manner  causes  a  significant 
increase  in  dispersion.  Diffusion  Included  in  a  Crank-Nicholeon  form 
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Fig.  14.  "False"  dispersion  for  the  investigated  finite- 
difference  formulations  (FDFs).  (Ref.  181) 

also  causes  a  large  increase  with  the  upwind  convective  form,  but  not 
with  the  central.  With  the  implicit  forms,  the  inclusion  of  diffusion 
had  lesa  effect.  The  effect  of  diffusion  on  dispersion  is  more 
pronounced  at  the  lower  Courant  number  for  all  of  these  schemes. 

The  dissipation  of  these  setumes  is  compared  on  the  following 
page.  The  central  schemes  have  no  dissipation  st  the  short  wavelengths 


tong 

Fig.  15.  "False"  transient  diffusion  for  the  Investigated  FDFs. 

(Ref.  181) 

where  It  is  aost  needed,  and  the  dissipation  of  the  upwind  schaae  is 
excessive  and  generally  has  the  undesirable  feature  of  being  greater 
at  the  longer  wavelengths.  The  lapliclt  schaae*  have  aore  dissipation 


than  the  explicit,  as  expected. 

Several  aethoda  are  compared  by  McRae,  Goodin,  and  Seinfeld  in 
Ref.  146.  The  seven  methods  considered  are  (1)  the  SHASTA  algorithm 
using  FCT  (Refs.  28,  31,  32),  (2)  coapact  differencing  aethods  with 
Crank-Nlcholson  time  differencing  (Refs.  5,  7,  30),  (3)  Galerkln  finite 
element  aethods with  linear  eleaenta  (Refs.  150  and  204),  (4)  the 
zero-average  phase  error  method  of  Fromm  (Ref.  72),  (5)  upwind  differencing 
(Ref.  172),  (6)  the  Crowley  second-order  scheme  (Ref.  55),  and  (7)  the 
Price  scheme  (Ref.  167).  Results  for  convection  of  a  square  wave, 
a  triangular  wave  and  a  Gaussian  are  shown  below: 
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Pig.  16.  Results  of  advsctlon  tests  using  square  wavs  form. 
(Ref.  146) 


SO 


Result*  of  advaction  tests  using  triangular  wav*  torn 
(Rsf.  1*6) 


The  FCT  algorithm  does  Che  best  Job  on  the  square  wave,  and  all 
the  others  are  quite  bad.  The  FCT  flattens  the  peaks  of  the  triangular 
and  Gaussian  waves,  however.  A  comparison  of  the  FCT  siethod  and  the  finite 
element  method  is  given  in  the  next  figure  for  the  revolving  cone: 


Fig.  19.  Results  of  Crowley  test  problM  for  a  quarter  and  complete 
revolution  of  a  cone  using  (a)  SHASTA  method  and  (b)  linear 
finite  element  scheme  (without  filtering  step).  (Ref.  146) 


The  strong  dissipation  of  FCT  and  peak  clippings  are  evident  here. 

Buratein  and  Mirln  (Ref.  35)  coopered  several  methods  for  the 
revolving  cone  problem  and  found  third-order  methods  to  be  significantly 
better  than  second-order,  especially  In  regard  to  phase  error. 

Sasaki  and  Reddy  (Ref.  186)  compared  several  methods  of  convection 
of  a  vortex.  The  methods  compared  are  the  second-order  leapfrog  method  (A), 
the  second-order  Arakawa  method  with  leapfrog  time  differencing  (Ref.  87)(B), 
and  with  Crank-Nlcholson  time  differencing  (E),  the  Arkawa  achane  In  two-stage 
modes,  and  a  Calerkln  finite  element  method  using  Crank-Nlcholson  time 
differencing  (C) .  In  one  of  the  two-stage  modes  considered  for  the 
Arakawa  scheme,  the  first  stage  is  a  forward-time  predictor  and  the 
second  ia  a  backward-time  corrector  (Matsuno,  Ref.  143).  The  other 
two-stage  mode  used  has  a  forward-time  predictor  over  half  the  time  step, 
followed  by  a  leapfrog  corrector  centered  at  the  half-time  level. 

The  second-order  Arakawa  acheme  is  designed  for  use  with  the  stream- 
function  vortlclty  formulation,  and  can  be  obtained  from  a  Calerkln  finite 
element  approach  using  bilinear  basis  functions  on  a  square  element.  For 
uniform  velocity  this  scheme  Involves  a  weighted  average  of  the  second- 
order  central  difference  expression  at  three  adjacent  points  in  the 
direction  normal  to  the  derivative.  There  are  thus  nine  points  involved, 
even  though  the  representation  is  only  second  order. 

Comparisons  of  the  results  of  convection  of  the  vorticity  field  are 
shown  on  the  following  pages.  Of  these  schemes,  the  Crank-Nlcholson  form 
of  the  Arakawa  method  proved  to  be  the  bast.  The  two-stage  schemes  had 
more  damping  than  is  desired. 
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Fig.  24.  Vortlclty  field  it  t  •  120  h.  Scheme  G.  (Ref.  186) 


Creeeieltvedc  (Ref.  87)  considered  several  aethods  for  the  dynamics 
of  the  atmosphere,  most  of  which  are  delineated  by  the  treatment  of 
the  momentum  equation.  The  effects  of  various  types  of  averaging,  hence 
smoothing,  of  convective  terms  with  a  nonunlfora  velocity  field  may  also 
be  seen,  however.  All  the  schemes  use  second-order  leapfrog  time 
differencing.  The  fluxes  formed  by  the  product  of  the  velocity  and 
the  concentration  are  written  In  the  following  forms  at  the  aid-points 
between  grid  points:  (1)  average  of  product,  where  the  velocity  and 
concentration  at  the  grid  points  are  multiplied  and  then  the  product  is 
averaged  to  produce  the  flux  at  the  aid-point,  (2)  product  of  averaging, 
where  the  velocity  and  concentration  are  Individually  averaged  and  then 
theaa  averages  are  multiplied,  and  (3)  a  combination  In  which  the  product 
of  the  averages  is  avaraged  In  turn  In  the  direct  Ion  away  from  that  of 
the  derivative,  hence  using  a  n lne-po lnt  stencil.  Some  staggered  grid 
configurations  are  also  included.  The  results  show  that  the  product  of 
averages  is  better  than  the  average  of  the  product.  The  nine-point  schemes 


are  more  stable  because  of  the  smoothing  accomplished  by  the  additional 
average,  but  the  phase  error  is  increased. 

It  was  also  noted  that  more  grid  points  per  wavelength  are  required 
for  longer- term  integrations.  Higher-order  methods  need  fewer  points, 
but  may  have  to  be  averaged  periodically  between  time  steps  to  prevent 
aliasing  errors. 

Three  multi-stage  methods  are  compared  by  Anderson  (Ref.  13 )  for 
shock  problems.  The  schemes  are  (1)  the  conventional  second-order 
Mac  Co  rmack  method  (Ref.  135),  (2)  the  third -order  Rusanov  method  (Ref.  183), 
and  (3)  a  third-order  method  due  to  Kutler,  Lomax  and  Harming  (Ref.  119). 

The  Rusanov  method  is  equivalent  to  that  of  Bur  stein  and  Mir  in  (Ref.  35) 
and  is  based  on  Runge-Kutta  techniques.  The  third  method  is  a  variation 
of  the  Rusanov  method,  having  the  same  third  stage  but  using  the  MacCormack 
method  for  the  first  two  stages.  This  method  has  two  free  parameters. 
Adjusting  these  parameters  to  minimize  dispersion  or  dissipation  Improved 
the  results  but  it  did  not  matter  greatly  which  was  minimized.  The 
MacCormack  method  was  found  to  be  superior  with  the  Courant  number  near 
1.  However,  the  third-order  methods  performed  better  than  the  MacCormack 
method  when  the  Courant  number  varied  widely.  Of  these  two  methods,  that 
of  Kutler,  Lomax  and  Harming  is  easier  to  program. 

Srlnlvaa,  Gururaja,  and  Prasad  (Ref.  195)  compared  five  schemes  for 
shock  problems  and  found  that  different  schMes  modelled  different  aspects 
of  the  problem  better.  The  results  of  some  earlier  comparisons  are  also 
summarized,  the  general  conclusion  of  which  is  that  the  higher-order 
methods  (Rusanov,  Bur  stein  and  Mir  in  here)  are  best  for  general  problems. 

In  the  present  comparleon  the  first-order  van  Leer  scheme  (Ref.  127)  is 
considered  preferable  to  the  first-order  Rusanov  scheme  (Ref.  184).  The 
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second-order  MacCoraack  (Ref.  135)  was  Judged  to  be  better  than  the 
Rlchtayer  scheme  (Ref.  171)  of  the  saae  order. 

Taylor,  Ndefo,  and  Masson  (Ref.  207  ) compared  four  methods  for  shock 
problems  and  concluded  that  the  third-order  Rusanov  (Ref.  183 ),  also  Bursteln 
and  Mir  in  (Ref.  35),  Is  better  than  the  Godunov,  Rlchtmyer,  or  MacCoraack 
methods.  An  older  comparison  of  low-order  methods  for  a  shock  problem  Is 
that  of  Emery  (Ref.  67).  Here  a  first-order  method  of  Rusanov  (Ref.  183) 
was  preferred.  Another  older  comparison  of  second-order  schemes  for 
shock  problems  Is  that  of  Rubin  and  Bursteln  (Ref.  177).  A  two-stage 
implementation  of  the  Lax -Wend ro f f  method  was  found  to  be  best. 
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IV.  HIGHER-ORDER  METHODS 


Baker  (Ref.  17)  note*  chat  tha  diaper aiva  character  of  the  discrete 
repreaentat  Ion  la  the  doalnant  error  aechanlaai  in  convectlon-doainated 
problems.  Williaaaon  and  Browning  (Ref.  223  )  found  that  more  efficient 
error  reduction  waa  poaalble  by  Increaalng  the  apatlal  order  than  by 
decreaalng  the  grid  sign. 

Custafaaon  (Ref.  93)  shove  that  repreeentation  of  boundary  condltiona 
can  be  one  order  lower  than  that  of  the  field  aethod. 

Sy— etrlc  Methods 

Zwaa  and  Abarbanel  (Ref.  229)  develop  higher -order  scheaes  by  expanding 
the  solution  in  a  Taylor  series  about  the  previous  tiae  level  and  replacing 
the  tine  derivatives  with  space  derivatives  obtained  by  repeated  differ¬ 
entiation  of  the  differential  equation  as  discussed  on  p.  7  .  Third  and 
fourth-order  aethods  are  given.  It  is  noted  that  odd-order  schenes  are 
unstable  unless  aodlfled  by  the  addition  of  a  tern  containing  the  next 
higher  space  derivative  or  by  rewriting  the  central  term  as  a  spatial 
average  of  order  equal  to  that  of  the  aethod. 

Ollger,  in  Ref.  153^  uses  fourth-order  syaaetric  spatial  differences 
with  second-order  leapfrog  in  tiae.  Fourth-order  was  found  to  be  far 
superior  to  second-order,  and  only  slightly  inferior  to  sixth-order. 

It  is  also  noted  that  it  is  possible  to  use  approximation  of  one  order 
lower  at  boundaries  without  degrading  che  order  of  the  solution.  This 
was  also  noted  by  Gustafsson  (Raf.  93  ). 

Gerrity,  McPherson,  and  Folger  (Raf.  80)  use  a  fourth-order  representation 
of  the  first  space  derivative  that  Involves  six  syaaetric  points  about 
the  point  in  question: 
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This  la  two  store  points  than  are  necessary  for  a  fourth-order  expression. 
Fourth-order  difference  expressions  are  also  used  for  the  spatial 
derivatives  by  Takeo  In  Ref.  206. 

Crowley  (Ref.  55 )  constructs  a  fourth-order  method  using  the 
characteristic  equation,  as  discussed  on  p.  8  ,  and  an  Interpolation 
polynomial  fitted  to  five  symmetrically  placed  points  at  the  previous 
time  level.  The  stencil  is 


The  method  is  fourth-order  In  space  and  time  for  uniform  velocity,  but 
only  second-order  In  time  for  nonuniform  velocity. 

Conservative  methods  are  also  constructed  by  representing  the  flux 
through  a  cell  side  as  time  averaged,  as  discussed  on  p.  10.  With  a  linear 
representation  of  the  solution  on  Che  grid  Interval  contacting  the  point 
of  flux  evaluation,  this  results  In  a  second-order  schesie.  If  the  solution 
Is  represented  by  a  cubic  on  the  four  grid  points  located  symmetrically 
about  the  point  of  flux  evaluation, the  scheme  will  be  fourth-order  In  space. 
With  this  symmetric  placement  of  points  about  the  point  of  flux  evaluation, 
there  la  no  upwind  bias. 

These  methods  have  maximum  phase  error  and  dissipation  at  short 


wavelengths.  The  phase  error  has  a  minimum  and  the  dissipation  a 
maximum  for  Courant  number  of  -j.  The  fourth-order  conservation  form 
has  larger  phase  error  than  the  non-conservation  form  of  the  same  order 
Extension  at  2D  is  by  time-splitting.  The  unspllt  versions  showed 
distortion  not  present  In  the  spilt  version. 

Results  for  the  revolving  cone  problem  are  shown  below: 


Fig.  25.  Second-order  solution  at  cycle  475.  (Ref,  55) 


Fig.  26.  Fourth-order  solution  at  cycle  475. 
(Ref.  55) 


The  Improvement  with  order  is  evident. 

Fromm  (Ref.  73)  shows  that  the  Crowley  fourth-order  scheme 
(Ref.  35,)  can  be  written  in  a  two-stage  fora  with  the  stencils 


Davies  in  Ref.  58,  with  uniform  velocity  and  one  dimension,  takes 
the  approach  of  expressing  the  solution  at  the  advanced  tlae  level  In 
terns  of  the  value  at  the  previous  time  at  an  upatreaa  point  determined 
by  the  characteristic  backward  to  the  previous  level,  as  discussed  on 

p.  8  ; 

♦  (x,  t  +  At)  -  ♦(*  -  uAt ,  t)  (1) 

The  value  at  the  point  (x  -  uAt)  at  the  previous  tlae  level  Is  determined 
by  polynomial  Interpolation  among  the  grid  points  at  this  level.  This 
approach  produces  methods  that  are  of  the  saae  order  In  space  and  time 
(for  uniform  velocity).  Linear  interpolation  using  the  points  (1  -  1.  1) 
produces  the  familiar  first-order  upwind  scheme,  while  -uadratlc  Inter¬ 
polation  over  the  points  (1-1,  1,  1+1)  yields  ths  second-order  Lax- 
Wendroff  scheme. 

Symmetric  even-order  central  schemes  sre  obtained  by  using  polynomials 
of  even  degree,  with  the  points  placsd  symmetrically  about  the  grid  point 
1.  Odd-order  schemes  with  upwind  bias  are  obtained  with  polynomials  of 
odd  degree^  using  points  placed  symmetrically  about  a  point  one-half  cell 
upstream  of  the  grid  point  1,  assuming  positive  velocity.  The  odd-order 
schemes  have  zero  phaae  error  at  Courant  numbers  of  0,  j,  and  1. 


Particular  achaaaa  up  to  fifth  ordar  ara  glvan,  tha  atanclla  for  tha 
third  and  fifth-ordar  vara  ion  a  being  raapactivaly,  or  tha  fora 


As  expected,  the  odd-order  schemes  have  lower  phase  error,  but  more 
damping.  Also  the  phase  error  of  the  odd-order  schemes  reverses  sign  at 
Courant  number  j  ,  leading  for  the  lower  numbers  and  lagging  for  the 
higher.  For  the  even-order  schemes  the  phase  error  is  leading  over  all 
Courant  numbers.  Phase  error  generally  decreases  with  increasing  Courant 
number  for  the  even-order  methods,  while  extrema  occur  on  either  side  of 
Courant  ^  for  the  odd-order  schemes.  Both  phase  error  and  damping  decrease 
with  increasing  order  for  all  the  schemes. 

Damping  generally  increases  with  the  Courant  number,  and  the  increase 
is  more  marked  for  the  even-order  methods,  which  have  very  low  damping 
at  low  Courant  number.  Both  the  greatest  damping  and  the  largest  phase 
errors  occur  at  the  shortest  wavelengths. 

Comparison  of  the  third  and  fifth-order  schemes  with  the  schemes 
of  Gadd,  Ref .  76  ,  and  Mahrer  and  Phiki,  Ref  139  are  given  below: 


<■  **'0  LIMTHt 


Fig.  28.  (a)  Damping  per  time  step  and  (b)  relative  phase  change  per  time 

step  plotted  ae  a  function  of  the  wavelength  (in  grid  lengthe)  with 
a  -  0.2,  for  the  cubic  and  quint ic  psmudo-up stream  schemes  and 
for  the  schemes  of  Gadd  (G) ,  and  Mahrer  end  Phiki  (NIP). 

(Ref.  38) 
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Of  these  schemes,  that  of  Mahrer  and  Phikl  la  superior  in  regard  to 
phase  error  and  damping.  The  Gadd  scheme  Is  not  satisfactory  In  that 
it  has  an  extremum  in  the  phase  error  at  a  wavelength  where  the  damping 
is  very  low. 

Although  these  upwind-biased,  odd-order  schemes  of  order  greater 
than  one  are  not  monotonic  in  general,  they  are  able  to  handle  spikes 
of  an  order  of  greater  than  can  be  handled  by  the  second-order  Lax- 
Wendroff  or  leapfrog  schemes  without  loss  of  monotonicity.  The  maximum 
spike  amplitude  for  which  the  scheme  remains  monotonic  decreases  with 
increasing  order. 

Kholodov,  in  Ref.  112,  develops  a  measure  of  the  non-monotonic lty 
of  schemes.  This  measure  la  then  used  to  select  the  free  parameters  in 
second  and  third-order  schemes  to  obtain  the  schemes  of  that  order  which 
are  most  monotonic.  The  stencils  of  the  general  explicit  and  Implicit 
forma  considered  are,  respectively. 


These  forma  give  a  two-parameter  family  of  second-order  schemes,  and  a 
one-parameter  family  of  third-order  schemes.  Oscillations,  i.e.,  non¬ 
monotonic  lty,  can  occur  when  some  of  the  difference  coefficients  are 
negative.  The  most  monotonic  schemes  of  a  given  order  are  obtained  by 
selecting  the  free  parameter  to  minimise  the  least -square  difference 
between  the  coefficients  and  those  of  the  monotonic  scheme  with  lowest 
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numerical  dissipation. 


Second-order  explicit  schemes  with  stability  Units  requiring  the 
Courant  number  to  be  less  than  1,  and  schenea  requiring  the  Courant  number 
to  be  between  1  and  2,  are  obtained  with  the  explicit  stencil  given  above, 
and  with  the  stencil  formed  by  deleting  the  right -most  point  from  the 
advanced  time  level  of  the  implicit  stencil: 


A  third-order  scheme  with  stability  for  Courant  number  less  than  1  is 
also  obtained. 


'  ■!:•  ! 


These  schemes  can  be  interpreted  as  being  constructed  from  the 
characteristic  equation  (p.  8  )  using  the  interpolation  polynomials  of 
the  given  order  that  has  the  smallest  deviation  from  the  first-order 
interpolation  polynomial  in  the  least-square  sense. 

Comparisons  for  s  shock  problem  are  given  below  for  several 
third-order  explicit  schemes  with  the  first  stencil  above: 


only  possible  fourth-order  scheme 


Third-order  schemes 


*■  closest  third-order  to  mono  tonic 


FI*.  29.  (kef.  112) 


The  scheae  designed  Co  have  Che  greaCeec  aonotoniclty  has  Che  lease 
oscillation  as  expected.  The  next  figure  caapares  second-order  methods 
with  this  saae  stencil. 


Second-order  explicit  scheaea  with  the  five-point  stencil  given  above 
are  coapared  In  the  next  figure: 


Fig.  31. 
(Ref.  112) 
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Differences  ere  sore  noticeable  with  Chle  stencil.  Finally  second- 
order  net hod s  with  this  last  stencil  with  Courant  numbers  between  1 
and  2  are  compared  below: 


Fig.  32.  (Ref.  112) 

The  schemes  designed  for  Courant  numbers  leas  than  1  are  better. 
Extensions  to  nonlinear  cases  are  also  given. 

Higher-order,  multi-level  schemes  with  an  upwind  bias  are 
constructed  In  one  dimension  by  Chan  In  Ref.  39  using  Taylor  series 
expansions  of  the  eolutloo  at  the  previous  time  step  at  about  a  point 
one-half  mesh  width  upetream  of  the  point  of  solution  evaluation. 

These  schemes  are  of  equal  order  In  space  and  time.  These  schemes  are 
based  on  uniform  velocity,  however,  and  the  points  are  placed  on  the 
previous  time  line  either  at  grid  points  or  at  the  intersection  of 
characteristics  from  grid  points  on  adjacent  time  lines,  using  the 
relation  (cf.  p.  8  ) 

♦(x,  t  +  At)  -  *(x  -  u At ,  t)  (2a) 
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Performance  with  a  triangular  wave  ia  shown  in  the  next  figure: 


♦ 


1  ) 

Fig.  38.  A2  results  for  triangular  wave  at  NCYC  -  1,400  (•  a  -  0.50; 
o  o  -  0.75).  (Ref.  39) 

A  procedure  for  Including  diffusion  is  also  given,  using  a  tine- 
split  approach  In  which  the  function  is  essentially  converted  along  the 
characteristics  and  then  diffused  at  a  fixed  tine. 

If  the  velocity  is  nonuniform,  the  points  will  no  longer  be  sym¬ 
metrically  placed  on  Che  present  tine  line,  so  that  even  though  analogous 
schemes  using  the  sane  grid  points  could  be  derived  which  would  preserve 
the  order,  these  schemes  would  not  be  nondlsslpatlve, since  not  all  of 
the  even  derivatives  in  the  truncation  error  would  be  eliminated.  In 
this  case  the  derivation  would  proceed  using  Taylor  series  expansion  of 
the  function  at  the  grid  points  at  each  tine  without  using  the  characteristic 
relations  to  relate  these  values  to  values  on  the  present  time  line. 

This  use  of  expansions  about  an  upstream  point  to  introduce  an 
upwind  bias  is  attractive  even  in  the  case  of  nonuniform  velocity, 
especially  since  such  a  scheme  will  become  nondlsslpatlve  when  the 
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velocity  la  uniform.  The  upwind  biaa  allowed  stable  solutions  to  be 
obtained  without  a  cell  Reynolds  number  limitation  in  Ref.  39. 

The  QUICKEST  method  of  Leonard,  Ref.  129,  uses  Individual  quadratic 
Interpolation  polynomials  to  evaluate  the  fluxes  through  the  sides  of 
a  cell  (Cells  contain  one  grid  point  and  are  bounded  by  aides  located 
aid-way  to  the  adjacent  grid  points.)  in  ID,  with  the  three  grid  points 
fitted  by  the  interpolation  polynomials  being  chosen  to  extend  upstream, 
i.e.,  with  the  cell  side  located  between  the  two  most  downstream  points, 
as  diagramed  below  (cf.  p.  11). 


Fig.  39.  Quadratic  upstream  Interpolation  for  ♦  and  (34/3x)  . 
(Ref.  129) 


Fig.  40.  Quadratic  upstream  interpolation  for  4/  and  (34/3x).. 

(Ref.  129)  * 
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This  results  in  a  third-order  upwind  biased  method  for  convection  with 
the  stencil 


This  scheme  is  constructed  by  first  Integrating  the  differential 
equation  +  (u$>x  "  over  space  and  time,  as  in  Eq.  (11-26),  to 
produce  the  exact  relation 


Ax 

_ r 

2 

Ax 


.  n-fl  n.  . 
($  -  )dx 


At 

|  (ur*r  -  u 


fVdt 


au 


Ac. 


■  -  j  -  cW;  +j  »£(x£  -  Odt 


(3) 


where  Ac 


At 

r  '  f  V*'* 


etc.  Here  the  subscripts,  r  and  l,  refer  to  the 


right  and  left  sides  of  the  cell,  respectively.  The  integrals  on  the 

right  are  the  time-average  fluxes  through  the  cell  sides.  With  the 

solution  given  by  the  characteristic  relation,  ♦(x,  tQ  +  t)  «  4(x  -  ut, 

t  ),  the  ♦  passing  through  a  cell  side  during  time  will  be  all  that  la 
o 

located  up  to  a  distance  xr  -  A(r  to  the  left  of  the  side,  hence  the 
form  of  the  Integrals  on  the  far  right.  These  average  fluxes  are 
evaluated  by  replacing  4  in  the  Integrals  on  the  far  right  with  the 
Interpolation  polynomial  correapond ing  to  the  cell  side  In  question. 
The  Integral  on  the  left  la  a  spatial  average  of  the  time  change  of  the 
solution  and  is  evaluated  from  the  interpolation  polynomial  fitted  to 
the  points  (i-1  ,  i,  1  +  l) . 
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With  the  uniform  velocity  and  spacing,  the  QUICKEST  method  la 
equivalent  to  the  third-order  upwind  biased  method  of  Davies  (Ref.  58), 
which  uses  a  cubic  lnterpolat ion  function  on  four  points  biased  to  the 
upstream  side.  The  Fromm  method  (Ref.  72)  uses  these  same  four  points, 
but  averages  two  quadratics,  one  through  (1-2,  1-1,  1)  and  the  other 
through  (1-1,  1,  1+1),  to  represent  the  solution  on  the  interval 
11  -  1,  1).  That  the  present  method  Is  truly  third  order  with  nonuniform 
velocity  Is  unfortunately  not  demonstrated  and  no  reference  is  cited  for 
such  a  demonstration. 

Diffusion  is  included  In  a  second-order  central  difference  form. 

A  second-order  version,  called  QUICK,  is  given  also  using  the  same  stencil. 
In  Che  second-order  version,  the  integrands  In  the  time-average  fluxes 
in  Eq.  (3)  are  simply  evaluated  at  the  cell  sides  from  the  corresponding 
interpolation  polynomial.  Instead  of  being  functions  of  C>  Long  waves 
are  unstable  in  the  second-order  version. 

This  method  reduces  to  the  second-order  Leith  method  (Ref.  128  and 
129)  if  the  quadratic  Interpolation  is  replaced  by  linear  Interpolation, 
and  further  to  the  Lax-Wendroff  method  for  uniform  velocity.  The  method 
is  stable  for  Courant  numbers  less  than  unity  in  the  pure  convection 
case,  and  has  some  stable  ranges  for  Courant  numbers  greater  than  unity  for 
some  values  of  the  diffusion  coefficient.  This  method  la  shown  to 
produce  much  less  oscillation  near  a  shock  than  does  the  lower-order 
Leith  method,  and  the  results  are  relatively  insensitive  to  the  Courant 
number  within  the  stable  range.  A  comparison  for  convective  and  diffusion 
of  a  step  function  Is  shown  In  the  next  figure. 

The  extension  to  multiple  dimensions,  excspt  for  cases  In  which 
convection  dominates  In  a  single  direction.  Is  not  straightforward. 

The  ID  scheme  can,  however,  be  applied  In  a  time-splitting  mode  to 


Fig.  41.  Convection  end  diffusion  of  a  step  (P  »  50):  (a)  upstreaa 

differencing,  (b)  Leith's  method,  (c)  QUICKEST  method  (in  each 
case  the  exact  (error-function)  solution  is  shown  for  reference). 
(Ref.  129) 

treat  higher  dimensions,  but  the  third-order  In  time  would  be  lost. 

The  QUICKEST  method  Is  extended  by  Leonard  in  Ref.  130  to  use 
exponential,  rather  than  polynomial,  interpolation  in  regions  of  strong 
gradients.  A  continuous  change  from  polynomial  to  exponential  Interpolation 
is  made  as  the  region  of  high  gradient  is  entered.  Examples  of  convection 
of  a  step  and  a  Gaussian  wave  are  shown  below.  Significant  dissipation 


Pig.  42.  Monotonic  step  profile 

predicted  by  the  adjusted 
QUICKEST  elgorithm  under 
conditions  of  pure  con¬ 
vection.  (Ref.  130) 


Fig.  43.  Pure  convection  of  an  Initial 
Gaussian  profile  using  the 
adjusted  QUICKEST  algorithm 
(Ref.  130) 
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Han,  Humphrey,  and  Launder  (Raf.  93  >  found  Cha  QUICK  ichae  to 
be  markedly  superior  to  the  first-order  hybrid  scheae.  Leschzlner 
and  Rod i  (Ref.  131)  found  the  QUICX  ichae  to  exhibit  eoae  over-  and 
undershoots.  Both  of  these  applications  were  to  turbulent  confined 
recirculating  flows. 

MacCrac.ken  and  Bornstein  (Ref.  137)  also  represent  the  flux  as 
a  tlae-average  using  the  characteristic  equation  for  the  solution.  Use 
of  a  linear  interpolation  polynomial  on  each  grid  interval  produces  the 
flux  expression  used  by  Leonard  (Ref.  129)  without  the  curvature  tera, 
which  is  equivalent  to  the  Leith  method  (Ref.  128). 

As  in  Froam,  Ref.  72,  the  Lax -Wend  r  of  f  method  In  ID  with  uniform 
velocity  can  be  constructed  from  the  characteristic  relation  (1),  as 
also  noted  on  p.  9  . 

The  scheae  results  from  fitting  a  quadratic  to  the  three  points 
(1-1,  1,  1  +  1)  and  evaluating  the  polynomial  at  x  -  uAt.  The  stencil 
then  is 

tn 

This  scheae  has  dissipation  and  a  lagging  phase  error,  both  of  which  are 
greatest  for  small  wavelengths.  If  the  quadratic  Is  fitted  to  the  point 
(1-2,  1-1,  1),  however,  the  stencil  Is 


and  this  method  has  a  leading  phase  error.  A  scheme  with  a  phase  error 
an  order  of  magnitude  lower  can  be  constructed  by  averaging  these  two 
schemes,  and  the  stencil  then  Is 


the  improvement  is  greatest  at  the  short  wavelengths. 

In  Ref.  124,  van  Leer  general izes  the  Fromm  scheme  to  a  one-parameter 
family  of  second-order  upwind -biased  schemes.  A  third-order  schme 
results  for  one  value  of  the  parameter.  Another  value  minimizes  the 
dispersive  and  dissipative  errors.  A  two-stage  version  of  this  family  of 
schemes  is  also  given.  These  schemes,  including  the  original  Fromm 
methods,  involve  many  more  operations  than  does  the  Lax-Wendroff  scheme. 

In  Ref.  125,  van  Leer  constructs  several  second  and  third-order 
schemes  that  have  upwind  bias.  These  schemes  are  formed  by  approximating 
the  solution  between  each  pair  of  mid-points  by  a  polynomial  which  matches 
the  average  value  of  the  solution,  and  perhaps  some  average  derivatives 
also,  on  the  interval  between  the  mid-points.  This  interval  between  mid¬ 
points,  containing  one  grid  point,  is  called  a  cell.  The  solution  is  thus 
represented  by  separate  polynomials  within  each  interval,  and  is  not 
necessarily  even  piecewise  continuous.  (In  Ref.  125,  the  scheme  is 
actually  formulated  to  produce  new  average  values  of  the  solution  on  the 
intervals  between  grid  points,  so  the  polynomials  are  applied  between 
the  grid  points.  The  present  interpolation  is  used  for  compatibility 
with  other  schemes  in  this  survey.) 

The  construct  ion  Is  based  on  the  same  exact  Integral  over  space  and 
time  given  in  Eq.(3)  and  discusaed  on  p.  11  .  In  the  present  development, 


Che  time-averaged  flux**  *r«  evaluated  from  ch*  Integrals  on  Ch*  far 
right  as  In  ch*  construction  discussed  In  connect  Ion  with  this  aquation. 
Here,  however,  the  Interpolation  polynomial  used  to  evaluate  the  flux 
through  each  side  of  the  cell  Is  the  on*  formed  on  the  cell  to  the  left 
of  the  side  In  question. 

The  basic  difference  between  the  present  approach  and  that  of  Ref.  129 
Is  the  use  of  a  compact  representation  in  the  present  case,  l.e..  Inter¬ 
polation  polynomials  defined  on  Intervals  between  two  points  Instead  of 
over  several  points.  Order  Is  Increased  in  the  present  case  by  matching 
derivatives,  as  well  as  the  function,  on  the  same  Interval,  while  In 
Ref.  129  order  is  Increased  by  expanding  the  Interval,  l.e.,  fitting  the 
polynomial  to  more  points.  The  present  approach  also  interprets  the 
solution  values  obtained  at  the  grid  points  to  be  averages  over  the  cell. 
In  all  schemes  based  on  flux  evaluations  from  interpolation  functions, 
the  interpolation  used  can  be  of  on*  order  less  than  the  order  of  the 
method  since  it  Is  the  difference  of  the  fluxes  that  enters  the  equation. 

The  first-order  version  of  the  present  scheme,  formed  with  e  *ero- 
degree  polynomial.  Is  equivalent  to  the  Codunov  method  (Ref.  172), 
which  is  labeled  the  best  first-order  method  by  van  Leer  in  Ref.  124  . 

The  stencil  Is 


With  linear  Interpolation,  which  fits  soma  average  of  the  first  space 
derivatives  as  well  as  the  solution,  several  second-order  versions  of  the 
scheme  result,  depending  on  the  representation  used  for  this  average 


i 
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of  the  first  derivative.  If  this  average  Is  represented  ae  a  central 
difference  of  the  average  solution  values  In  adjacent  cells,  then  the 
aethod  of  Proaa  (Ref.  71)  results  (Schsae  1  here),  with  the  etencil 

-utr 

Another  possibility  (II)  is  to  represent  the  first  derivative 
as  a  central  difference  between  the  solution  values  on  the  cell  sides, 
chese  values  being  equal  to  the  solution  values  at  a  distance  uAt  to  the 
left  of  the  side  at  the  previous  tlae  level  by  the  characteristic 
relation,  Eq.  (1).  This  value,  for  each  side,  can  be  evaluated  froa 
the  interpolation  polynoaial  on  the  cell  to  the  left  of  the  side.  This 
results  In  a  difference  equation  for  the  average  first  derivative,  so 
that  this  quantity  becoaes  an  additional  dependent  variable,  with  both 
stencils  of  the  fora 

This  schane  unfortunately  has  dissipation  even  at  zero  Courant  nuabers. 

Still  another  possibllty  (III)  Is  to  define  the  average  derivative 
such  that  the  solution  and  the  Interpolation  polynoaial  have  the  sane 
first  snaent  In  each  cell,  l.e.,  so  that  ths  difference  between  the  solution 
and  the  Interpolation  polynoaial  is  alnlalsed  In  the  least-squares  sense 
over  the  cell.  Again  the  derivative  becoaes  an  additional  dependent 
variable  with  the  saae  stencils  given  ebove  for  schsae  II. 

Third-order  aethods  are  obtained  by  using  a  quadratic  Interpolation 
polynoaial  fitting  suae  average  of  the  second  space  derivative  as  well. 

One  third-order  schsae  (IV)  Is  obtained  by  representing  this  average 
second  derivative  by  a  central  difference  using  the  average  solution  values 
in  the  adjacent  cells,  with  a  slalllar  representation  for  the  first 
derivative  as  usual  above. 
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This  scheme  has  the  stencil 


In  another  scheme  (V)  the  second  derivative  Is  chosen  such  that  the 
Interpolation  polynomial  matches  the  solution  at  the  cell  sides.  In 
this  case  the  polynomial  representation  ot  the  solution  Is  piecewise 
continuous.  In  this  form  thesolutlon  at  the  cell  sides  becomes  an 
additional  dependent  variable,  the  difference  equation  for  which  is 
obtained  from  the  characteristic  relation  as  done  above  in  connection 
with  the  representation  of  the  first  derivative  in  terms  of  solution 
values  on  the  cell  sides.  This  representation  of  the  first  derivative 
is.  In  fact,  again  used  In  this  form.  The  stencils  are 


fPt  tt 

Finally,  in  analogy  with  Schaae  Hi  above,  the  second  derivative 
can  be  chosen  so  that  the  solution  and  the  interpolation  polynomial  have 
the  same  second  moment  over  the  cell,  with  the  first  derivative  chosen 
as  in  Scheme  III.  Here  both  derivatives  become  additional  dependent 
variables  (VI). 

Since  upwind-biased  methods  have  maximum  dissipation  for  Courant 
number  j  ,  the  dissipation  of  these  schemes  is  compared  here  at  that 
Courant  number  in  the  figure  on  the  following  page. 

In  this  and  the  next  figure  the  smsl-clrcle  is  the  ideal.  The 
phase  error  vanishes  for  a  Courant  number  of  y,  and  therefore  the 
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Fig.  44.  Dissipation  In  schaaes  I-V.  Polar  plots  of  the  damping 

{actor*  per  tiae  step  |gI*IV|,|gP  |  and  |gJII,v|  aa  a  function 
of  the  wavenuaber  a  ”  2»Axf  of  trie  wave,  for  Courant  nuaber  %. 
(Ref.  125) 

schemes  are  compared  In  this  regard  at  a  Courant  nuaber  of  zero  in 
the  next  figure. 


Fig-  45.  Dispersion  in  scheae*  I-V.  Polar  plot*  of  the  ratios  in\ 

u>J*,  wm.V  an<j  U1V  0£  numerical  and  exact  convection  speeds 
as  a  function  of  a,  for  vanishing  Courant  nuaber.  (Ref.  125) 

These  figures  show  that  the  second-order  schemes  I  and  II,  and  the 
third-order  achesM  IV,  have  very  large  dlaperslon.  In  fact,  this  third- 
order  scheae  is  worse  than  the  two  second-order  schemes.  Schemes  I  and 
IV  also  have  large  dissipation  which  would  damp  out  much  of  the 
dispersion,  so  that  these  schemes  might  be  fairly  smooth  but  inaccurate. 
These  two  schemes  are  aleo  the  least  compact  of  the  tix  schemes  considered. 
Scheme  II  has  less  dissipation  but  the  large  dispersion  would  render  it 


inaccurate.  Aa  no tad  above,  thia  scheme  haa  son*  dlaalpatlon  even  for 
aero  Courant  nuaber .  Theae  three  schasMa  are  thus  unaatlafactory .  The 
second -order  echaae  III,  however,  approachea  the  third-order  schema  V  In 
accuracy,  and  both  of  theae  acheaea  have  snail  diaper a Ion  and  dlaalpatlon. 

Theae  coatparieona  a  how  that  order  alone  la  not  a  complete  neaaure 
of  accuracy.  Schaae  V  la  aoaewhat  no re  accurate  than  schaae  III  and 
requires  about  the  sane  nuaber  of  operatlona.  Sc  hoe  VI  la  aoaewhat 
■ore  accurate  but  la  aore  coapllcated  aa  well.  Therefore  acheaea  V 
la  the  beat  of  the  six  acheaea.  A  coaparlaon  of  the  convection  of  a 
triangular  wave  by  acheaea  1  and  III  la  given  In  the  figure  below 


Pig.  46.  Convection  of  a  triangular  wave  by  Schaae  1  (top  row) 
and  Scheaa  III  (bottoa  row).  No  aonotonlclty 
enforced,  (gef  125) 

Schaae  II  la  applied  by  van  Leer  In  Kef .  W*  to  a  eyataa  of 
aqua t lone,  in  what  any  be  regarded  aa  a  aecood -order  sequel  to  the 
Godunov  aet hod.  This  code  la  named  MDSCL,  for  Mono tonic  Opstreea- 
central  Schaae  for  Conservation  Lews.  The  results  of  thla  coda  for 
the  shock  tube  problem  are  ahown  on  the  following  page. 
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Exact  solution  (line)  and  call  averagaa  (circle*)  of  o,  u,  p 
and  •  obtained  with  MUSCL  (Euler* In)  for  tb*  ease  exploding 
diaphragm  problem  a*  used  by  Sod.  Initial  values:  u  =  0; 

P  "  p  *  1  for  x  <  0.5;  p  »  0.125,  p  -  0.1  for  x  >  0.5;  y  -  1 
Courant  number  0.9;  4x  «  0.01.  Output  after  34  time  stem 
t  -  0.14154.  (Ref.  124) 


Multi-Stage  Method  a 


Gottlieb  and  Turkel,  Ref.  84,  construct  two  two-parameter  generali¬ 
zations  of  the  two-atage  Lax-Wendroff  method  which  are  fourth-order  In 
space  and  second-order  in  time.  The  largest  Courant  number  allowed 
for  any  value  of  the  free  parameters  la  about  0.731,  which  is  only 
slightly  larger  than  that  of  the  Rreias-Oliger  scheme  (Rdf.  118).  of  the 
same  order .  One  of  these  achaea  is  of  the  Richtmyer  form  with  the  ID 
stencil 

mt  tmt 

and  the  other  Is  of  the  MacCormack  form: 

m  ut 

This  form  Is  fourth-order  when  the  directions  of  the  differences  are 
alternated  at  successive  time  levels. 

These  fourth-order  space  methods  have  about  the  same  amount  of 
dissipation  as  the  analogous  second-order  methods,  but  the  phase  error 
Is  significantly  reduced  for  sufficiently  small  time  steps.  Some  direction 
Is  given  as  to  the  choice  of  the  free  parameters  to  increase  the  stability 
limits  or  to  decrease  the  dissipation  and/or  phase  error.  With  these 
schemes  the  phase  error  decreases  with  the  time  step. 

The  dissipation  can  be  reduced  to  sixth  order  by  alternating  these 
schemes  with  the  Krelss-Ollger  fourth-order  space  scheme  (Ref.  118).  This 
alternation  of  schmaea  can  be  considered  to  be  a  three-stage  scheme, 
with  the  Rreias-Oliger  third  stage  having  the  same  stencil  as  the  second 
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Alteration  of  previous  two  schemes. 

Fig.  51.  (Ref.  84) 


The  phase  error  of  this  schene  Is  considerably  better  than  second- 
order  aethods  and  Is  comparable  with  Krelss-01  lger .  The  dissipation 
is  also  much  less  than  with  the  lower -order  methods. 

A  20  form  Is  also  constructed  but  as  a  three-stage  method  with 
the  stencils  ahown  on  the  following  page.  This  scheme  has  nine  free 
paraaieters,  and  no  complete  choice  is  given. 
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Burst ein  and  Mirin  (Ref .35)  note  that  the  multi-stage  methods 
Involving  successive  evaluations  of  the  flux  vectors  at  intermediate 
levels  are  of  the  Runge-Kutta  class.  Such  a  third-order  method  is 
given,  having  one  free  parameter.  Each  stage  here  is  a  consistent 
approximation  to  the  time-dependent  equations.  One  three-stage  version 
has  the  stencils 


Another  is  a  two-stage  method  with  the  stencils 


Rusanov  (Raf.  183)  gives  a  third-order  schsae  using  three  stages 
with  the  stencils 
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Here  each  stage  Is  a  consistent  approx imat ion,  to  first,  second,  and 
third  order.  The  method  has  two  free  parameters.  A  2D  version  is  also 
given.  This  scheme  is  equivalent  to  that  of  Bursteln  and  Mlrln  (Ref.  35) . 


Abarbanel  and  Gottlieb,  Ref.  3,  give  a  general  formulation  for 
constructing  schemes  of  order  p  +  1  and  p  +  2  in  space  and  time  for  the 
equation,  wt  ♦  f  ■  0,  if  a  scheme  of  order  p  is  known.  From  this 
result,  a  general  multi-stage  scheme  of  any  desired  order  is  constructed 
for  N  dimensions.  Both  explicit  and  implicit  schemes  are  Included  in 
the  general  formulation.  This  general  schoae  is  said  to  include  all 
finite  difference  schemes  presented  thus  far  for  one  and  two  dimensions, 
and  several  examples  are  given.  The  number  of  stages  is  equal  to  the 
order.  Written  as  a  one-stage  method  the  even  order  schemes  would  Involve 
2M  +  1  symmetrically  placed  grid  points,  where  M  is  the  order,  and  2M  +  2 
symmetrically  placed  mid-points  for  odd  order.  Extensions  to  higher 
dimensions  are  also  given.  For  the  explicit  schemes,  stability  requires 
that  the  Courant  number  not  exceed  1/N,  where  N  is  the  number  of 
dimensions,  for  even  order,  and  1/2H  for  odd  order.  A  significant 
feature  of  this  multi-stage  formulation  is  that  each  stage  is  a  valid 
approximation  to  the  solution. 

Reddy  in  Ref.  169  follows  a  similar  approach  to  construct  a  scheme 
of  order  p  +  1  in  space  and  time  if  a  scheme  of  order  p  is  known,  but 
involves  the  Jacobian  matrix  of  the  flux  as  well,  while  Abarbanel  and 
Gottlieb  (Ref.  3)  used  only  the  flux  itself.  The  stability  criteria, 
number  of  points  and  stages  required  arc  the  same  as  that  in  the  formu¬ 
lation  of  Abarbanel  and  Gottlieb,  but  fewer  flux  evaluations  are  required. 
One  specific  third-order  scheme  and  two  fourth-order  schemes  are  given. 

The  convection  of  a  sine  wave  by  these  three  schemes  and  a  fourth-order 
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Fig.  55.  Solution  to  Problem  3,  ualng  schcae  11(b),  «t  t  «  10.0125, 
to.  -  1/40,  At/Ax  -  0.9.  (R«f.  169) 


The  Improvement  of  Che  quality  with  order  la  evident  In  a  reduction 
of  both  dissipation  and  dispersion.  The  results  for  the  three 
fourth-order  schemes  are  nearly  the  same. 

Turkel,  Abarbanel,  and  Gottlieb  (Ref.  216.)  give  a  four-stage 
scheme  that  is  fourth  order  in  both  space  and  time,  with  the  stencils 
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Here  the  first  three  stages  are  first  order.  This  scheme  contains 
eleven  free  parameters,  and  no  procedure  for  selection  Is  given. 

This  fourth-order  scheme  was  found  to  give  accuracy  equal  to  that 
of  second-order  schemes,  while  using  only  about  1/25  as  many  points  for 
the  2D  wave  equation.  The  fourth-order  scheme  is  twice  as  fast  as  the 
leapfrog  scheme  for  the  same  accuracy  and  60  times  as  fast,  with  less 
storage,  than  the  rotated  Rlchtmyer  scheme  (Ref.  224).  This  advantage 
is  expected  to  even  Improve  for  more  complicated  equations,  as  the  time 
required  for  evaluation  of  the  fluxes  increases.  This  occurs  because 
fluxes  calculated  In  the  early  stages  are  used  In  all  the  remaining  stages. 
For  the  same  accuracy,  the  present  scheme  requires  fewer  flux  evaluations 
than  the  Kreiss-Oliger  scheme  (Ref.  112),  that  la  fourth  order  in  space 
but  only  second  order  In  time, and  about  the  same  number  as  pseudospectral 
methods.  The  latter,  however,  require  Fourier  expansion.  The  fourth- 
order  scheme  is  more  efficient  also  as  the  error  tolerance  decreases  or 
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at  higher  frequencies.  This  present  method  was  more  efficient  than 
the  Krelss-Oliger  fourth-order  space,  second-order  time  echoes  (Ref. 

LL7 )  In  each  of  these  situations.  An  advantage  of  equal  order  in  space 
and  time  is  that  the  error  decreases  aa  the  time  step  increases,  while  In 
schemes  with  unequal  order  the  error  has  a  minima  at  some  tlae  step. 

Tine  step  selection  Is  thus  more  staple  with  equal  order.  This  aethod 
does  have  dissipation,  and  decreased  the  aaplltude  of  a  rotating  cone  by 
about  the  same  aaount  as  did  the  Arakawa  fourth-order  space,  second- 
order  time  scheme,  and  less  than  second-order  scheaies,  though  more  than 
do  pseudospectral  methods.  Both  the  phase  error  and  dissipation  decrease 
with  the  present  method  as  the  tlae  step  increases. 

Khaliq  and  Twizell  (Ref.  Ill)  construct  higher-order  methods  In 
time  by  combining  the  results  of  a  lower-order  scheme  applied  twice  over 
two  time  steps  and  once  over  a  double  tlae  step  to  eliminate  the  leading 
term  in  che  truncation  error  of  each. 

Compact  Methods 

Compact  methods  are  based  on  Interpolation  polynomials  which  match 
solution  derivatives,  as  well  as  solution  values,  at  certain  points. 
Within  this  category  aremethods  based  directly  on  Hermlte  Interpolation 
polynomials,  methods  using  Pade  difference  approximations,  and  spline 
methods.  All  of  these  approaches  are  ultimately  equivalent. 

Hermlte  Methods 

Fischer,  Ref.  68,  also  uses  the  characteristic  approach  (p.  8  ) 
with  uniform  velocity,  but  with  a  cubic  Hermlte  interpolation  polynomial 
fitted  to  each  grid  interval,  thus  fitting  both  the  solution  and  its 
gradient  at  the  end  points  of  the  Interval.  Again  the  schemes  have  the 
same  temporal  and  spatial  order  with  uniform  velocity.  Here  the  gradient 
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i»  treated  as  an  additional  dependant  variable.  With  unifora  velocity, 
we  have 

(♦x)t  +  “^x  “  0  <4> 

so  that  the  gradient  is  convected  in  the  sane  Banner  ae  le  the  eolutlon 
and,  therefore, 

♦x(x,  t  +  At)  •  4x(x  -  uAt ,  t)  (5) 

Thus  the  gradient  at  each  grid  point  at  the  new  t lne  is  equal  to  the 
value  at  the  upstrean  point  (x  -  uAt)  at  the  previous  t lme  level,  as 
is  the  function  itself. 

This  upwind-biased  scheae  is  constructed  by  expanding  the  function, 
and  its  gradient,  at  this  upstreaa  point  in  a  Taylor  series  about  the 
grid  point  1  at  tine  t.  Second  and  third  derivatives  in  this  expansion 
are  evaluated  by  differentiating  the  interpolation  polynomial.  This  is 
equivalent  to  evaluating  the  solution  froa  the  interpolation  polynomial 
evaluated  at  this  upstreaa  point,  and  the  derivative  froa  the  derivative 
of  the  polynoalal  evaluated  there.  Schemes  up  to  third-order  can  be 
obtained  using  the  cubic  polynoalal.  These  schemes  are  coapact,  with 
the  stencil 


Results  for  convection  of  a  triangular  wave  are  shown  on  the  following 
page  for  first,  second,  and  third-order  versions  in  coaparlson  with 
the  Frooa  scheae,  Ref.  71. 
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The  conservative  version  of  the  present  scheme  referred  to  In  the  above 
figure  Involves  an  ad  hoc  correction  that  Is  applied  to  the  solution  at 
each  time  step  to  bring  the  change  in  a  cell  into  exact  balance  with  the 
net  flux  into  the  cell.  The  improvement  with  order  is  evident,  and  theae 
schemes  are  less  dissipative  than  the  Fromm  scheme.  However,  the  dissipation 
is  still  significant  and  some  oscillations  are  present  due  to  phase  error. 

The  results  foi  the  third-order  scheme  Improve  with  increasing  Courant 
number,  as  do  those  of  the  Fromm  scheme,  as  is  seen  by  comparison  of  the 
following  figure  with  that  above.  (The  first-  and  second-order  versions 
are  unstable  at  this  Courant  number.) 


Fig.  58.  Numerical  convection  results,  C  •  0.8,  30  steps.  Peak  at  x  •  34; 

exact  solution.  Thin:  From ' s  method.  Dashed:  present  method, 
third-order.  (Ref.  68) 
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Essentially  this  some  Approach  was  used  by  Holly  and  Prelssman, 
Ref.  104  t  but  the  method  is  mislabeled  fourth  order,  when  it  is  actually 


third  order  in  space  and  time  for  uniform  velocity.  Comparisons  of 
representation  of  convection  of  a  Gaussian  by  this  and  other  methods 
are  seen  in  the  figure  below. 


Fig.  59.  Calculations  of  one-dimensional  advection  of  Gaussian 
distribution  using  several  methods:  (a)  Two-point 
fourth-order;  (b)  Martin  (3)  n  “  2;  (c)  Martin  (3) 
n  -  3;  (d)  Martin  (3)  n  •  4;  (e)  Leendertse  (2). 

The  Martin  schemes  (Ref.  141)  used  here  are  second,  third,  and  fourth- 
order  schemes  in  space,  which  for  pure  convection  are  formed  simply  by 
using  the  appropriate  order  representation  of  the  epatial  derivative. 

The  superior  phase  quality  of  the  present  compact  scheme  is  evident, 
even  in  comparison  with  the  third  and  fourth-ordsr  non-compact  schemes. 
Also  evident  here  is  the  goneral  superior  phase  representations  of  schem 
with  an  upwind  bias,  i.e.,  the  Martin  third-order  as  well  as  the  present 


•chase . 

An  extension  Co  nonunifora  velocity  la  also  given  as  follows: 

With  nonun  If  ora  velocity,  the  velocity  appearing  In  Eq.  (1)  la  taken 
as  the  average  of  the  velocity,  u,  at  the  point  (x,t)  and  that  evaluated 
froa  the  interpolation  polynomial  at  the  point  (x  -  uAt ,  t) .  Also 


Eq.  (4)  is  replaced  by 


(4x>t  +  u(^x)x  +  Vx  *  0 


and  the  last  tern  is  approximated 


where  ♦  is 


evaluated  froa  Eq.  (5) ,  but  using  the  average  velocity  obtained  above. 


This  procedure  aaounta  to  a  single  iteration  of  a  complete  representation 
of  the  effect  of  the  nonun 1 fora  velocity.  An  example  of  convection  of  a 
Gaussian  through  a  nonunifora  velocity  field  la  given  below. 


Diffusion  is  added  In  a  time-split  manner,  the  solution  being  first 
canvected  and  then  diffused.  An  extension  to  a  fifth-order  scheme  (mis¬ 
labeled  sixth-order)  is  also  cited,  using  a  quintic  Hermite  interpolation 
polynomial  on  the  interval  [1  -  1,  i],  fitting  the  second  derivative  at 
the  end  points  as  well.  In  this  case  the  second  derivative  is  added  as 
a  third  dependent  variable.  An  extension  to  2D  is  also  noted  using  the 
solution,  its  two  first  derivatives,  and  the  cross-derivat ive  at  each 
point  on  a  cell  as  the  dependent  variables. 

Huffenus  and  Khaletzky  (Ref.  106)  note  that  the  simple  addition  of 
ID  methods  is  not  consistent.  Bad  results  for  2D  convection  of  a 
trapezoid  with  this  approach  are  shown  below  for  two  schemes  that  perform 
very  well  in  ID  : 


The  improvement  gained  by  using  2D  Interpolation  polynomials  analogous 
to  those  used  in  ID  versions  is  evident  in  the  figure  below  for  the  2D 
extensions  of  the  methods  of  Holly  and  Preissman  (Ref.  104  )t  Afclma  (Ref.  10), 
and  the  third-order  method  of  Davies  (Ref.  58': 


Third-order 


Fig.  62.  Two-dimensional  test  problem:  1  -  Transport  of  the  derivatives, 

2  -  Altima,  3  -  FTUS3 .  (Ref.  106) 

These  extensions  are  expensive,  however,  because  of  the  large  number  of 
coefficients  in  the  polynomials.  Also  the  extension  is  not  complete >  in 
that  not  all  of  the  features  of  the  ID  version  are  analogously  transferred 
to  the  2D  version.  For  instance  the  2d  version  of  Holly  and  Preissman 
uses  the  two  first  derivatives  and  the  cross-derivative  in  the  inter¬ 
polation  polynomial,  but  not  the  two  second  derivatives. 

The  present  reference  proposes  a  polynomial  fitted  to  the 
x-derivatlve  at  i  and  i  -  1,  the  y-derivative  at  J  and  j  -  1,  and  the 
solution  at  the  four  corners  of  the  cell  formed  by  these  points  (and 
the  point  1  -  1,  J  -  1).  The  polynomial  is  a  bi-cublc  without  the  cubic 
cross  term.  Results  are  shown  in  the  figure  on  the  following  page. 


Pig*  68.  Wave  defor¬ 
mation  for  Element  5. 
(Ref.  190) 


The  phase  error  Increases  with  the  Courant  number  except  when  the 
time  derivative  Is  Included.  The  complete  Hermltian  element  (5)  using 
both  the  space  and  time  derivatives  clearly  has  the  least  dispersion, 
and  the  dispersion  is  relatively  Insensitive  to  Che  Courant  number. 

The  dispersion  of  the  elements  using  only  the  spatial  derivatives  Is 
moderate  for  Courant  number  of  1/2,  but  excessive  for  larger  values.  The 
element  using  both  of  these  derivatives  has  the  lowest  dissipation. 

The  dispersion  la  greatest  with  the  elements  that  do  not  use  any  apace 
derivatives.  These  elements  also  have  the  greatest  dissipation  for  the 
five-cell  wavelength,  thus  Indicating  the  Importance  of  spatial  order  In 
reducing  dlepereion.  The  incluelon  of  the  time  derivative  alone  has  little 
effect  on  the  phase  error. 


The  inclusion  of  the  second  spsce  derivative  as  well  reduces  the 
dissipation  but  haa  less  effect  on  the  dispersion,  while  the  inclusion  of 
the  first  derivative  evoked  a  aarked  change  iron  the  linear  case.  Inclusion 
of  only  the  first  tlae  derivative,  however,  had  little  effect  except  to 
remove  the  dependence  of  the  dispersion  on  the  Courant  number,  but  the 
inclusion  of  the  time  derivative  was  much  more  effective  when  the  first 
space  derivative  was  already  in  use.  It  appears  that  all  of  these 
schemes,  except  that  using  both  space  der lviatlves,  would  have  stability 
problems  with  short  wavelengths. 

These  schemes  are  compared  in  regard  to  convection  of  a  Gaussian  wave 
in  the  figure  below: 

***•  Anolylico*  tOlutox 


— -  *  Anoiyicci  solute* 


- AnolyltCOI  solution 


(Ref.  190) 

The  element  using  both  the  space  end  time  derivatives  la  clearly  superior. 
Adding  the  time  derivative  alone  has  little  beneficial  effect,  but  adding 
the  time  derivative  to  the  space  derivative  has  a  significant  effect. 

Adding  the  second  space  derivative  had  little  effect. 

Agarwal  (Ref.  8)  uses  a  symmetric  compact  fourth-order  expression 
for  the  first  derivatives,  vhich  amounts  to  fitting  the  solution  and  its 
derivatives  on  three  points  with  a  Hermits  quin  tic  polynomial.  The 
derivative  then  becomes  an  additional  dependant  variable.  Adam  (Raf.  6) 
constructs  fourth-order  methods  using  Hermits  Interpolation.  Although 
both  of  the  derivatives  became  additional  dependent  variables,  the  second 
derivative  Is  analytically  eliminated  to  reduce  the  else  of  the  system. 
Krause,  Hlrschel,  and  Kordulla  (Raf.  116)  give  a  fourth-order  method  based 
on  Hermlte  interpolation.  Application  Is  made  to  3D  turbulent  boundary 
layers.  Harm  It lan  polynomials  are  used  by  Thiele  In  Raf.  208  for  boundary- 
layer  equations. 

Watanabe  and  Flood  (Raf.  22Q)  use  fourth-order  central  expressions 
for  the  spatial  derivatives.  The  method  Is  formed  from  Eq.  (11-23)  using 
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Simpson's  rule  for  the  integration,  i.e.,  using  a  quadratic  to  represent 
the  integrand  on  the  interval  At.  This  introduces  the  value  at  the 
Intermediate  time  level,  n  +  1/2,  which  is  obtained  fron  a  cubic  Hermlte 
polynomial  on  the  interval  over  At .  The  resulting  implicit  scheme  has  two 
stages  with  the  stencils 


and  la  fourth  order  in  time  and  space.  Being  implicit,  the  method  is 
unconditionally  stable. 

Chin,  Hedstram,  and  Karlsson  (Ref.  45)  construct  higher-order  schemes 
of  the  method-of-linea  type  by  Integrating  the  differential  equation  in 
space  as  on  p.  11.  Representation  of  the  integration  by  Simpson's  rule 
gives  a  fourth-order  three-point  method.  Methods  of  higher  order  are 
obtained  by  expanding  the  range  of  points  In  the  interpolation  for  the 
integrand.  Sixth  and  eight-order  forms.  Involving  five  and  seven  points, 
respectively,  are  given. 

In  a  series  of  papers.  Ref.  198-200,  Steppeler  constructs  second  and 
third-order  symaetrlc  schemes  based  on  polynomials  that  match  some  derivatives 
as  well  as  the  solution.  The  procedure  is  somewhat  complicated  in  both 
construction  and  operation  and  produces  the  solution  alternately  at  grid 
points  and  at  mid-points  between  grid  points  at  successive  time  levels. 

Time  advancement  is  by  the  usual  Taylor  series  expression  of  the  solution 
at  the  new  time  level  about  that  at  the  previous  level,  with  the  time 
derivatives  in  the  series  replaced  by  space  derivatives  through  repeated 
differentiation  of  the  differential  equation.  Similar  Taylor  series  are 
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used  to  give  the  first  three  spstlsl  derivatives  at  the  new  time  level  In 
terms  of  derivatives  at  the  previous  level. 

To  start  with,  the  solution  la  represented  on  each  interval  bounded 
by  grid  points  by  a  polynomial  fitted  to  the  solution  at  the  grid  points 
and  to  the  second  and  third  derivatives  at  the  aid-point.  The  values  of 
the  solution  and  Che  first  derivative  at  the  aid-point  are  calculated 
from  this  polynomial  and  Its  derivative.  The  solution  and  Its  first 
three  derivatives  are  then  calculated  at  the  mid-point  at  the  new  time 
level  from  the  Taylor  expansions.  A  spatial  Taylor  series  expansion  of 
the  solution  at  the  new  time  level  about  the  mld-polnt  la  then  given  In 
terms  of  the  new  solution  and  first  three  derivative  values  obtained  at 
this  point.  The  solution  at  the  new  time  level  is  also  represented  on 
the  Intervals  bounded  by  mid-points  as  a  polynomial  fitting  the  new 
solution  values  at  the  mid-points  and  the  as  yet  unknown  new  second  and 
third  derivative  values  at  the  grid  points.  These  new  derivative  values 
at  the  grid  points  are  Chen  determined  to  minimize  the  least  squares 
Integrals  of  the  difference  between  this  polynomial  and  that  from  the 
spatial  Taylor  aeries  about  the  mid-points  on  the  intervals  bounded  by 
the  mid-points,  and  similarly  to  minimize  the  Integral  of  the  difference 
between  the  first  derivatives.  This  completes  one  time  cycle,  with  the 
solution  now  represented  on  each  interval  bounded  by  mid-points  by  a 
polynomial  fitted  to  the  solution  at  the  mid-points  and  to  the  second  and 
third  derivatives  at  the  grid  points.  Successive  time  steps  then  alternate 
from  intervals  between  the  mid-points  to  Intervals  between  the  grid  points. 
This  alternation  Introduces  a  smoothing  into  the  solution. 

The  stability  limitation  is  to  Courant  numbers  less  than  0.5  in  the 
first-order  case,  0.24  for  second-order  and  0.22  for  third-order.  A 
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major  disadvantage  of  this  approach  la  that  dissipation  occurs  even  for 
zero  velocity.  In  fact,  the  dissipation  increases  as  the  Courant  number 
decreases,  and  is  largest  for  a  Courant  number  of  zero.  The  second-order 
schaae  exhibits  an  extremum  in  the  phase  error  at  a  wavelength  for  which 
the  dissipation  is  less  than  its  maximum.  The  phase  error  at  the  larger 
wavelengths  increases  as  the  Courant  number  decreases. 

These  trends  are  illustrated  in  the  figures  below: 


Fig.  70. 


Fig  71. 


Relative  phase  velocity  and 
damping  factors  for  firat- 
and  second-degree  Mthod. 

(a)  Relative  phase  velocity 
C/Cq  of  second-degree  method. 

(b)  Damping  factor  of 

second-degree  method. 

(c)  Relative  phase  velocity 
C/Cc  of  first-degree  method. 

(d)  Damping  factor  A  j/A 
of  first-degree  method. 

(Ref.  200) 


Damping  factors  (above)  and 
relative  phase  velocities 
(below)  for  the  third-degree 
method,  corresponding  to  the 
first  eigen-value. 

(Ref.  199) 
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Both  the  phase  error  and  the  dlselpation  decrease  as  order  increases, 
and  with  the  third-order  scheme  the  extraoua  In  the  phase  error  is 
shifted  to  lower  wavelengths  where  there  la  more  dissipation.  Also,  the 
phase  error  and  the  dissipation  both  decrease  with  the  Courant  number 
at  larger  wavelengths  with  third  order.  There  remains  seme  dissipation 
at  zero  velocity,  however .  The  third-order  scheae  is  twice  as  expensive 
as  the  second.  That  the  dissipation  In  theaa  schwas  Is  significant 
is  Illustrated  in  the  next  figure  showing  convection  of  a  triangular  wave. 


x[A»]  «  ' 


Fig.  72.  Solution  of  the  linear  advection  equation  with  positive  Initial 

values,  N,  number  of  tlaeatepa;  - ,  second-degree  method; 

- ,  third-degree  method.  (Ref.  199) 


The  dramatic  Improvement  obtained  with  the  third-order  method  la  evident 
in  the  figures  on  the  following  pages,  showing  convection  of  a  two-cell 
wavelength  wave  train. 


Fig.  73b.  Third-degree  method. 

The  2D  case  is  treated  In  Ref.  199  by  alternating  between  cells 
with  grid  points  for  corners  and  cells  with  center  points  of  the  original 
cells  for  corners.  Certain  terms  are  neglected  In  2D. 

The  dissipation  is  reducsd  In  Ref.  198  by  alternating  the  third- 
order  time  advancement  procedure  between  the  Taylor  expansion  used  In 
Ref.  199  and  a  third-order  leapfrog  procedure.  This  latter  procedure 
uses  three  time  levels,  and  eliminates  one  averaging  of  the  solution 


between  grid  points  that  occurs  in  the  former  procedure.  The  stability 
limitation  is  now  Courant  of  0.3,  and  the  phase  error  is  slightly  greater 
than  the  original  third-order  scheme  of  Ref.  199.  With  this  scheme  the 


dissipation  has,  unfortunately,  also  been  reduced  at  the  small  wavelengths 
where  it  is  needed.  It  was,  in  fact,  necessary  to  Introduce  some  additional 
smoothing  by  using  the  original  form  once  in  each  five  time  steps  in  a 
2D  shallow  water  wave  problem. 

On  the  whole,  these  schemes  seem  to  be  too  cumbersome  to  be  considered 
for  general  codes. 

Pade  Dlfierence  Methods 

Marten  and  Tal-Ezer,  Ref.  97,  give  higher-order  generalizations 
of  the  Crank-Nlcholson  implicit  method,  based  on  the  time  integration  on 
p.  10,  that  are  nond lssipat lve  and  unconditionally  stable  in  the  linear 
sense.  The  usual  Crank-Nlcholson  scheme  is  constructed  from  Eq.  (11-23) 
by  approximating  the  Integrand  with  a  linear  function.  Spatially  second 
and  fourth-order  schemes  can  be  obtained  using  the  following  difference 
representation  of  f ^ : 

fx  -  U«f  +  0(dxZ)  (7a) 

fx  *  -7  - f  +  0<Ax4)  (7b) 

1  +  T 

Both  of  these  expressions  can  be  obtained  by  differentiation  of  inter¬ 
polation  polynomials  -  a  quadratic  fitted  to  the  function  at  the  points 
(1-1,  1,  i  +  1)  in  the  first  case, and  a  quartlc  fitted  to  the  function 
at  these  three  points  and  to  the  derivative  of  the  function  at  the  points 
(1-1,  1  +  1)  in  the  second  case.  The  stencil  for  both  schemes  is  of 
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the  form 


444- 

The  schemes  are  linearized  to  second  order  in  time  by  expanding 
f  about  f  as 

{n+l  .  fn  +  A(<rn+1  _  *n)  +  0(At2) 

where  A  is  the  Jacobian  matrix  of  f  with  respect  to  ♦  .  Both  schemes 
remain  second  order  in  time  under  this  linearization.  The  difference 
equations  then  are  linear  and  are  block  trldlagonal  in  form.  The  first 
scheme  is  second  order  in  space,  while  the  second  sch«e  is  fourth  order. 

Both  are  second  order  in  time. 

A  scheme  that  is  fourth  order  in  both  apace  and  time  is  obtained  by 
using  a  Hernlte  polynomial  (cubic  in  this  case)  for  the  Integrand.  The 
fourth-order  expression  of  (7b)  is  used  for  fx>  and  the  second-order  expression 

<u*x>x  "  “4  3(u4*>  +  0(4*2)  (8) 

AX 

is  used  for  the  product  derivative.  The  stencil  is  again  as  given  above. 

In  order  to  preserve  the  fourth  order  in  time,  the  linearization  must  be 
done  about  some  second-order  accurate  approximation  of  the  new  time  solution 
Instead  of  about  the  old  time  solution  as  in  the  previous  case.  The 
result  is  again  a  linear  block-tridiagonal  system  of  difference  equations. 

The  linear  stability  and  order  of  accuracy  do  not  depend  on  the  Intermediate 
second-order  approximations  of  the  solution,  which  may  even  be  calculated 
from  a  schsme  that  is  unstable  in  itself. 

In  contract  to  the  above  two  second-order  time  schemee,  which  are 

i 

unconditionally  stable,  this  fourth-order  time  scheme  ie  etable  only  for  , 
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Courant  number a  leaa  than  unity.  It  waa  found  that  the  expansion  of  the 
difference  repreaentatlon  of  the  product  derivative  In  (8)  to  five 
points,  i.e. , 

(u$x)x  “  —^2  yfiiiyA*)  +0  (Ax2)  (9) 

Ax 

Improved  the  stability,  but  at  the  cost  of  a  pentad iagonal,  rather  than 
trldiagonal,  matrix  so  that  no  real  gain  in  efficiency  is  realised.  The 
stencil  is  now  of  the  form 

mrt 

This  form  also  has  a  larger  truncation  error,  though  still  of  fourth 
order.  A  two-step  version  is  also  given  in  which  the  derivative,  fx, 
is  evaluated  In  the  first  step  from  a  tridiagonal  solution  of  (7bX  and  then 
la  used  directly  in  the  solution  of  the  difference  equation,  which,  with 
this  derivative  known ,  la  also  trldiagonal.  This  is  essentially  a  spline 
approach.  Hirsh  (Ref.  101)  uses  the  Pads  forms  to  construct  '  tg her -order 
three-point  spatial  approximations,  each  derivative  becoming  an  additional 
dependent  variable. 

Spline  Methods 

The  spline  approach  is  taken  by  Ekibln  and  Khosla  in  Ref.  179  to  construct 
compact  methods.  Here  the  solution  is  represented  by  cubic  splines  on 
each  grid  Interval,  with  the  effect  that  the  higher  derivatives  become 
additional  dependant  variables.  The  scheme  is  fourth  order  on  uniform 
grids  and  third  order  on  nonuniform.  It  is  noted  that  the  approaches  beaed 
on  splines.  Hermit ian  interpolation  polynomials,  and  Pads  approx lmants 
are  all  equivalent. 

Rubin  and  Khosla  (Ref.  180)  give  a  number  of  spline  representations 


116 


and  discuss  the  relationship  with  Heraite  fores.  It  is  noted  that  all 
of  the  results  obtained  by  the  Heraite  (Fade,  Mehrstellen)  development 
can  also  be  reached  with  appropriate  spline  foras.  Soae  of  the  Heraite 
forms  are  equivalent  to  representations  using  different  spline  foras  for 
different  derivatives.  Others  require  spllne-on-spllne  representations. 
Although  the  oversll  representations  are  equivalent,  the  spline  approach 
provides  certain  relationships  between  derivatives  that  are  not  shown  by 
the  other  developments.  The  spline  representations  also  carry  over  to 
nonuniform  grids  while  the  others  do  not. 

Rubin  and  Graves  (  Ref.  178)  construct  spatially  fourth-order  schemes, 
with  second-order  time,  using  cubic  splines.  The  spatial  order  drops  to 
third  for  nonuniform  grids.  The  inclusion  of  diffusion  also  drops  the 
spatial  order  by  two.  The  oscillations  due  to  large  cell  Reynolds  numbers 
were  reduced.  Cubic  apllnes  were  used  by  Price  and  MacPherson  In  Ref.  166. 

Holla  and  Jain  (Ref.  103)  use  cubic  splines  as  the  interpolation 
function  to  construct  cosqiact  implicit  schemes  that  are  second  order 
with  three  free  parameters  or  third  order  with  one  free  parameter.  These 
schemes  Involve  e  weighted  average  of  the  fluxes  between  true  tiae  steps 
and  hence  include  a  scheme  of  the  Crank-Nicholson  type.  Also  included  is 
the  schesfe  of  McGuire  and  Morris  (Ref.  144  ) ,  The  schemes  are  dissipative 
of  order  four.  The  schemes  operate  in  two  stages  with  the  ID  stencils 

nt  m 
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Extension  to  2D  Is  by  tine-splitting . 

Pepper,  Kern,  and  Long  (Ref.  160)  compare  a  compact  fourth-order 
scheme  based  on  cubic  splines  with  a  Galerkln  linear  finite  element 
sc  tune.  Both  schemes  use  second-order  Crank-Nlcholson  time  differencing. 
The  results  for  rotation  of  a  cosine  hill  are  shown  below: 


Fig.  74.  Cosine  hill  distribution  of  concentration.  (R®f .  160) 


cuetc  sets* 


chase au 


Fig.  75.  Concentration  after  4-3/4  revolutions  using  (a)  cubic  splines 
(b)  chapeau  functions  with  bX  -  AY  •  2500  m.  (Ref.  160) 
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With  nonunifora  grids,  the  noise  was  greeter  with  the  finite  eleaent 
scheae.  The  noise  oscillations  are  aore  localised  near  the  cosine  hill  with 
the  spline  scheae.  The  finite  eleaent  schaae  tends  to  spread  the  noise 
over  the  entire  field.  The  aethods  were  also  applied  to  a  pollution 
dispersion  problem. 

Operator  Compact  Methods 

In  Ref.  50,  Claent,  Leventhal  and  Weinberg  construct  implicit  schemes 
based  on  a  tridiagonal  relationship  between  the  solution  and  the  spatial 
operator  at  three  adjacent  points  In  each  direction.  Such  schemes  are 
referred  to  as  "operator  compact  implicit"  aethods.  The  use  of  the  entire 
spatial  operator,  rather  than  the  separate  derivatives,  in  the  construction 
produces  schemes  which  are  point-trldlagonal,  rather  than  bloclc-trldlagonal 
as  results  from  scheaes  constructed  simply  by  replacing  the  individual 
derivatives  with  compact  difference  expressions  based  on  Karaite  polynomials. 
The  boundary  conditions  are  aore  easily  represented  also  using  the  full 
operator,  since  values  of  the  individual  derivatives  are  not  required. 

The  scheaes  are  fourth-order  In  space  on  a  uniform  grid,  and  third-order 
on  a  nonunifora  grid.  The  scheaes  given  by  Peters  (Ref.  162)  and  Krause, 
Hirschel,  and  Kordulla  (Ref.  116)  are  of  this  class,  as  are  the  "aehrstellen" 
methods  of  Collatz  (Ref.  52). 

Two  second-order  time  discretizations  are  given,  the  Crank-Nlcholson 


fora  with  the  stencil 


and  the  three-level  Lee*  fora  with  the  atencll 


Both  of  these  forms  are  stable  for  all  time  steps  provided  the  cell 
Reynolds  number  does  not  exceed  /l2  .  The  Crank-Nlcholson  fora  Is 
nonlinear,  but  the  Lees  form  is  linear  since  the  coefficients  In  that  form 
are  evaluated  at  the  previous  time  step.  The  nonlinear  Crank-Nlcholson 
fora  is  solved  by  approximate  factorization.  Both  forms  were  found  to 
converge  to  a  steady  state  at  about  the  same  speed  for  the  parabolic 
problems  considered. 

It  is  noted  that  the  block-tr idlagonal  compact  schemes  referred 
to  above  do  not  satisfy  a  reasonable  stability  requirement,  but  at  low 
cell  Reynolds  numbers  no  dominate  oscillations  occur,  this  is  a  potential 
problem  for  such  methods,  though. 

Leventhal  (Ref.  132)  derives  an  integral  identity  relating  the 
solution  values  and  the  values  of  the  Inhomogeneous  term  of  the  convection- 
diffusion  equation  on  the  points  (1-1,  i,  i  +  1).  This  trldlagonal 
relationship  is 


rlui+l  +  riUl  +  rlUl-l 


Vi+l  +  qifl  +  Vi-l 


Schemes  with  nonzero  q*  and  q^  are  implicit.  The  expressions  for  the 
coefficients  involve  exponentials  of  integrals  of  the  functions  a(x)  and 
b(x),and  Integrals  of  f(x),  on  the  Interval  lXj_j,  **  the  functions 

a(x)  and  b(x)  are  approximated  as  constants,  a^  and  b^,  on  this  interval, 
and  Che  integrals  of  f(x)  are  evaluated  by  Che  mid-point  rule,  the  explicit 
first-order  method  of  Allen  and  Southwell  (Ref.  11)  results.  If  a,  b,  and 
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f  are  taken  to  be  piecewise  constant  in  x^+1),  vltl>  the  values 

in  lx  xj  represented  by  the  averages  of  the  grid  values,  etc.,  the 
second-order  implicit  method  of  El-Mlstakawy  and  Werle  (Ref.  66)  is 
obtained . 

The  present  scheme  is  developed  by  taking  a  and  b  to  be  piecewise 

quadratic  on  [x^  x1+1l,  i.e.,  in  [x^  x^J,  a(x)  is  represented  by 

a  quadratic  fitted  tothevaluesa  a  etc.  The  integrals  are 

I  — 1  1“1  1* 

evaluated  by  Simpson's  rule.  The  resulting  implicit  scheme  is  fourth 
order  in  smooth  regions  and  second  order  at  shocks.  This  scheme  can  be 
extended  to  conservative  form,  i.e.,  (bu)^  instead  of  bu^,  to  time- 
dependent  equations,  and  to  two  dimensions.  The  time -dependent  form  is 
constructed  using  conventional  differencing  in  time,  and  the  version  given 
is  in  the  second-order  Crank-Nicholaon  form.  This  scheme  is  in  the  class 
of  operator  compact  implicit  methods,  and  is  expensive  because  of  the 
evaluation  of  exponentials  in  each  of  the  coefficients.  The  scheme  is 
being  applied  to  reservoir  simulation. 

Local  Solution  Methods 

Although  most  methods  use  interpolation  functions  of  some  general 
type  in  the  construction  of  d iff erence  representation^,  some  schemes 
use  functions  obtained  as  local  solutions  of  the  partial  differential 
equation.  These  local  solutions  are  derived  by  holding  certain  quantities 
locally  constant  to  obtain  a  form  that  can  be  Integrated.  The  use  of  such 
functions  that  have  a  cloae  relationship  to  the  solution  naturally  leads 
to  greater  accuracy,  but  theae  functions  often  involve  exponentials  or 
the  like  which  are  expansive  to  evaluate. 


Khallq  and  Twizell  (Ref.  Ill)  use  a  local  solution  In  tine,  assuming 
constant  velocity,  and  approximate  the  exponential  of  the  spatial 
difference  operator  by  Pade  approx imants .  The  spatial  difference 
operator  was  taken  to  be  the  second-order  central  difference  in  all 
cases  considered.  The  (1,0)  Pade  approxlmant  produces  the  familiar 
first-order  time  implicit  scheme: 


while  the  (1,1)  Pade  gives  the  second-order  Crank-Nlcholson  scheme 


The  (2,0)  approxlmant  gives  the  following  scheme  also  with  temporal 
second  order: 


and  the  (2,1)  Pade  gives  the  second-order  scheme 


Finally,  the  (2,2)  Pade  approxlmant  yields  the  temporal  fourth-order  scheme; 
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In  this  work  these  scheaes  were  formulated  to  be  extrepoleted  to 
higher  temporal  order  by  combining  Che  results  of  a  scheme  applied  twice 
over  two  time  steps,  and  once  over  a  double  time  step,  to  eliminate  the 


leading  term  in  the  truncation  error.  Thia  process  yields  a  second- 
order  method  from  the  first-order  method  with  the  (1,0)  Fade  approx imant 
above.  From  the  three  second-order  scheaes  above,  l.e.,  the  scheaes  using 
the  (1,1),  (2,0)  and  (2,1)  approximants,  this  process  produces  fourth, 
third,  and  fourth-order  methods  in  time,  respectively.  The  fourth-order 
scheme  above  from  Che  (2,2)  Pade,  leads  Co  a  sixth-order  time  method. 

Local  solutions  are  also  used  by  Roscoe,  Ref.  176 t  for  a  convection- 
diffusion  equation.  Here  the  difference  representation  of  the  differential 
operator 


ia  taken  as 


IE  -  (1  +  e 


Ax(l  -  e  *  ) 


bAx 

*  )I  +  e 


bflx 

a 
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where  E  is  the  shift  operator.  An  anlogous  operator  is  applied  in  each 
direction  with  multiple  dimensions.  This  difference  representation  Is 
expensive,  because  of  the  exponentials,  but  it  can  ellainate  the  oscillations 
that  occur  with  covent  ion  representation,  as  is  illustrated  in  the 
figure  on  the  following  page. 

The  exponential  operator  compact  schaaea  of  Leventhal,  Ref.  132,  are 
also  baaed  on  local  solutions  in  space  through  Che  inCegral  identity  formed 
from  the  differential  operator. 


0  S  at  •>  s<  at  m  at  oa  a* 


Fig.  76.  Solution  of  equation  (4.1)  with  c  »  750  and  <i(0)  -  0,  iji(l)  -  1. 

The  BDR  and  FDR  are  extremely  poor,  the  CDR  is  good  about  x  -  0.5, 
and  very  poor  elsewhere.  The  UDR  gives  excellent  results  everywhere: 
•  ,  Central  difference  solution:  0,  true  solution  and  the  UDR 

solution:  -  ,  backward  difference  solution;  forward 

difference  solution.  (Ref.  176) 

Chlen,  in  Ref. 43,  includes  a  coefficient  in  the  overall  spatial 
difference  expression  for  a  ID  convection-diffusion  equation,  and 
evaluates  this  coefficent  such  that  the  difference  expression  will  be 
exact  when  the  velocity  is  constant  on  the  interval  spanned  by  the 
differences.  In  a  similar  fashion,  a  coefficient  affixed  to  the 
first-order  forward  time  difference  expression  is  evaluated  to  make  the 
difference  equation  be  exactly  satisfied  by  the  analytical  solution  of  an 
approximation  of  diffcrantial  equations  in  which  all  of  the  off-center 
terma  in  the  spatial  difference  expression  are  included  in  source 
term,  which  is  considered  constant  in  time. 

In  actual  computation,  approximate  truncated  expansions  of  the 
exponentials  are  used  to  avoid  the  cossputatlon  time  required  to  evaluate 
the  exponentials.  The  use  of  such  difference  expressions  based  on  locally 
axact  solutions  removes  the  stability  limitation  normally  associated  with 
explicit  methods.  In  the  case  of  nonuniform  velocity  the  accuracy  remains 
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only  second-order,  however,  end  second-order  artificial  diffusion  la 
introduced  that  is  proportional  to  the  velocity  gradient. 

In  higher  dimensions,  with  no  cross-derivatives,  the  above  ID 
spatial  difference  expression  is  applied  in  each  direction  using  the 
corresponding  velocity  component  and  spacing  Interval.  Results  are 
given  for  several  2D  flow  problems  which  show  that  Courant  numbers  in 
excess  of  unity  can,  in  fact,  be  used.  There  is  no  improvement  in 
accuracy,  however,  so  that  the  use  of  locally  exact  solutions  is  primarily 
a  device  to  improve  stability  of  explicit  methods. 

A  type  of  local  solution  is  given  by  Kellogg,  Shubin,  and  Stephens 
in  Ref.  109  for  a  convection-diffusion  equation.  This  scheme  incorporates 
the  local  solution  In  the  difference  coefficients  of  the  diffusion  term 
and  hence  is  not  relevant  to  pure  convection.  Like  the  first-order  upwind 
scheme,  and  unlike  the  central  scheme,  this  second-order  scheme  does  not 
have  a  cell  Reynolds  number  restriction. 

Spectral  and  Paeudoapectral  Methods 
Orszag  (Ref.  154)  notes  that  Che  principal  source  of  Inaccurate 
results  with  finite  difference  schemes  is  phase  error,  and  that  Accurate 
spatial  differencing  is  the  prime  requirement.  In  spectral  methods, 
the  solution  is  expanded  in  Fourier  series,  and  the  Galerkin  approach  is 
used  to  solve  the  equations  numerically.  These  methods  are  esaentially 
of  infinite  order  in  space,  and  thus  have  essentially  no  phase  error. 

Comparisons  are  made  with  the  second  and  fourth-order  Arakawa  finite- 
difference  methods  on  the  revolving  cone  problem: 


l-t) 

Fig.  77.  Three-dlaenslonal  (xj,  X2,  A)  perspective  plot  of  the  A(x,t) 
field  obtained  after  revolut Ion  using  (a)  second-order  Arakawa 
acheae  on  32  x  32  space  grid;  (b)  fourth-order  Arakawa  scheae 
on  32  x  32  space  grid;  (c)  fourth-order  Arakawa  scheae  on  64  x  M 
space  grid;  (d)  cut-off  Four ier-expanslon  scheae  32  x  32  apace  Rrld. 

(Ref.  154) 

The  spectral  method  here  used  second-order  leapfrog  differencing  in  time. 

The  reduction  that  occurs  in  both  phase  error  and  dissipation  with 
Increased  order  Is  clearly  evident  here.  The  spectral  method  is  superior 
to  the  fourth-order  finite  difference  aethod  on  twice  as  many  grid  points 
In  each  direction.  Second-order  methods  require  twice  as  many  points  again. 
The  stability  Halt  of  the  spectral  method  Is  ^  for  Che  Courant  number, 
whereas  those  of  the  second  and  fourth-order  methods  are  1.0  and  0.73, 
respectively.  The  spectral  methods  thus  require  more  time  steps  and  aore 
work  per  tlae  step. 
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Pseudospectral  and  spectral  methods  are  compared  by  Fox  and  Orszag 
in  Ref.  75.  Pseudospectral  approximation  uses  truncated  spectral  series 
to  obtain  approximations  to  derivatives  and  imposes  the  differential 
equation  at  selected  discrete  points.  Spectral  approximation  attempts  to 
distribute  the  error  more  uniformly  by  making  the  error  in  the  differential 
equation  orthogonal  to  the  retained  apectral  functlona. 

Cazdag  (Ref.  77  )  constructs  a  pseudospectral  scheme  of  very  high 
order  in  space  by  expressing  the  spatial  derivatives  in  terms  of  Fourier 
transforms  of  the  solution.  The  explicit  method  is  based  on  the  usual 
Taylor  series  expansion  of  the  solution  at  the  new  time  level  about  that 
at  the  previous  level,  with  the  time  derivatives  expressed  in  terms  of 
space  derivatives  through  repeated  differentiation  of  the  differential 
equation.  In  this  scheme  the  velocity  is  not  assumed  to  be  uniform,  so 
that  spatial  derivatives  of  the  velocity  appear  as  well.  The  time  order 
is  determined  by  the  extent  to  which  the  Taylor  series  is  taken.  The 
spatial  order  is  essentially  infinite. 

The  dissipation  and  the  phase  error  generally  decrease  as  the  temporal 
order  increases.  Convection  of  a  Gaussian  through  one  complete  rotation 
reduced  the  peak  by  0.18%  for  the  third-order  method  and  by  0.11%  for  the 
fourth.  In  neither  case  were  the  trailing  oscillations  greater  than  0.005% 
of  the  peak  in  amplitude,  as  seen  in  the  figure  on  the  following  page. 

Diffusion  can  be  included  either  by  time-splitting,  where  the  solution 
is  first  converted  and  then  diffused,  or  directly,  with  the  diffusion  terms 
being  included  in  the  differential  equation  when  expressions  of  the  time 
derivatives  are  obtained  by  repeated  differentiation.  The  latter  procedure 
is  more  accurate,  especially  for  large  d>f fusion  coefficients. 
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Fig.  78.  Perspective  view  of  the  Gaussian  d  istr  ibut  ionin  Experiment  1  of 
Table  I.  (a)  At  x/2,  (b)  At  x  turn  from  its  initial  position. 
The  mesh  size  is  32  x  32.  (Ref.  77) 


The  Fourier  transforms  naturally  increase  the  computing  time,  but 
the  one-dimensional  fourth-order  version  was  found  to  be  only  about 
twice  as  expensive  as  conventional  fourth-order  methods.  This  comparison 
is  expected  to  Improve  in  higher  dimensions. 

A  pseudospectral  method  for  convection-diffusion  based  on  an  expan¬ 
sion  in  exponential  functions  is  given  by  Christensen  and  Pratm  in  Ref.  48. 
This  expansion  takes  advantage  of  the  fast  Fourier  transform.  Boundaries 
are  Included  by  specifying  exponential  decay  of  the  solution  thereon. 

This  generates  some  aliasing  which  is  suppressed  with  a  selective  filter 
passing  only  wavelengths  greater  than  a  certain  value.  The  filter  was 
applied  at  regular  Intervals  after  a  certain  number  of  time  steps.  The 
scheme  is  operative  only  for  velocity  fields  that  do  not  vary  rapidly. 

The  time  discretization  was  leapfrog. 

Comparison  of  the  results  of  a  number  of  schemes  for  revolution 
of  a  cone  is  given  in  the  table  following: 
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TABLE  I 

Uniform  Rotations  of  the  Gaussian  Distribution 


fciptr- 

unent 

Order 

of 

ic  heme 

P 

Rotations 

in 

degrees 

(appro*.) 

2» 

QAt 

Maximum 

it  a 

meshpoint 

Minimum 

SIS 

meshpoint 

Clockwise 

Counter 

Clockwise 

0 

0 

1.0000 

0.0000 

•r/2 

0 

0.9996 

0.0000 

* 

0 

0.9991 

0.0000 

1 

3 

3*/2 

0 

10 

400 

0.9987 

0.0000 

2* 

0 

0.9982 

0.0000 

2* 

* 

0.9973 

0.0000 

2* 

2* 

0.9964 

0.0000 

0 

0 

1.0000 

0.0000 

w.'2 

0 

0.9997 

0.0000 

w 

0 

0.9993 

0.0000 

2 

4 

3»  2 

0 

10 

40< 

<V>^92 

0.0000 

2* 

0 

4989 

0.0000 

2w 

* 

uv984 

0.0000 

2» 

2* 

0.9979 

0.0000 

(Ref.  77) 


The  maximum  error  after  one  revolution  with  the  present  method  was  2Z. 

This  small  error  was  achieved  only  by  the  spectral  or  psuedospectral 
methods  in  this  comparison.  Pseudospectral  methods  are  about  a  factor 
of  2  faster  than  spectral  methods. 

Moment  Methods 

Egan  and  Mahoney  (Ref.  64;  construct  a  method  based  on  conserving 
the  zeroth,  first  and  second  moments  of  the  distribution  within  each  grid 
Interval  so  as  to  conserve  the  moments.  This  scheme  will  convect  a  square 
wave  exactly  without  dlatortion  in  a  uniform  velocity  field,  but  will 
deform  all  other  waveforms  into  a  square  wave.  Diffusion  is  Included  in 
a  separate  stage  of  a  time-split  process.  An  extension  to  2D  is  also  given. 
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A  width  correction  procedure  due  to  Pederaon  and  Prahaa  (Ref.  158)  la  used 
to  check  the  lateral  spread  of  concentration  within  each  cell.  This 
correction  is  also  discussed  by  Pepper  and  Long  (Ref.  (160.  Diffusion 
is  added  through  tiae-splittlng.  Application  is  made  to  atmospheric 
pollutant  transport. 

Pederson  and  Praha  also  used  a  different  fora  for  the  second  aonent 
designed  to  reduce  the  dissipation. and  Pepper  and  Long  found  this  fora  to 
give  better  results  than  the  original  fora  used  by  Egan  and  Mahoney  when 
the  velocity  was  unifora.  However,  with  nonuniform  velocity,  the  Pedersen' 
Prahm  fora  can  be  very  inaccurate.  A  comparison  of  the  two  foras  for 
convection  of  a  revolving  cosine  distribution  la  shown  below: 

Unmodified  Modified 


i 


Fig.  80.  Concentration  contours  after  3/4  revolution  for  unaodlf led/aodif led 
methods.  (Ref.  159)  ... 


a  Unmodified 
(mo«.  «42) 


b.  Modit  lod 
(mo«.=  1048) 


Fig.  81.  Concentration  contours  for  unaodifed  and  modified  methods  after 
4-3/4  revolutions.  (Ref.  159) 

The  original  form  is  clearly  superior,  but  does  have  noticeably  more 
dissipation  than  the  modified  form.  The  width-correction  term  can  also 
degrade  the  accuracy  with  a  non-uniform  velocity. 

The  second-moment  conserving  method  of  Egan  and  Mahoney  (Ref.  64 >, 
as  extended  by  Pederson  and  Prahm  (Ref.  158),  is  analyzed  by  Kerr  and 
Blumberg  in  Ref.  110  for  uniform  velocity.  Results  for  the  convection 
of  a  triangular  wave  are  shown  below: 
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(Ref.  110) 
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Fig.  82.  A  comparison  between  the  analytical  and  numerical  distributions 

l°r  lnt*rv*U  °f  i5’  30,  45  and  -  wedge-width,  with 

o  •  0.3125. 
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Although  there  are  no  dlaperalon  effects,  the  wave  is  eventually  deformed 
into  a  rectangle.  This  effect  is  store  pronounced  at  lower  Courant  nuaber 
The  scheae  preserves  the  long  waves  but  aapllfiea  certain  short  waves,  a 
property  that  nay  lead  to  Instability  in  nonlinear  probleas.  This  scheae 
is  compared  with  second  and  fourth-order  leapfrog  methods  and  another 
method  that  is  fourth-order  in  time  but  second  in  apace: 


LENGTH 


LENGTH 


Fig.  83.  A  comparison  between  the  analytical  distribution  and  several 

numerically  obtained  distributions  after  an  advectlon  Interval 
of  13  wedge-widths  with  a  •  0.3125.  (Ref.  110) 
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The  improvement  In  both  dispersion  and  dlaaipation  to  ba  (a lnad  with 
higher  order  la  evident  upon  coapar laon  of  the  two  leapfrog  reeulta  hare. 

The  preaent  Method  eliminates  the  trailing  oscillations  due  to  dlaparalon 
but  badly  deforms  the  wave. 

Weaaellng  (Ref.  222)  conatructa  difference  echaaea  by  chooalng  a 
free  parameter  In  a  scheme  of  given  order  of  conalatency  ao  aa  to  minimise 
the  weighted  deviation  of  the  difference  eolutlon  from  the  analytical 
solution  for  a  haraonic  wave  In  the  laaat  square  aense.  This  Minimisation 
and  the  requlrwenta  for  order  deteralne  the  coefficients  In  the  difference 
expression.  The  weight  function  depends  on  the  wave  nuaber  of  the  wave, 
and  Ideally  should  be  the  square  of  the  aodulua  of  the  Fourier  transform 
of  the  exact  solution  at  time  t.  The  use  of  this  ideal  fora  of  the  Might 
function  would  require  the  exact  solution  and  hence  la  not  reasonable. 
Difference  -heaes  can  be  developed,  however,  using  weight  functions 
corresponding  to  certain  specified  forms  of  the  solution.  Four  forms  are 
considered:  (1)  harmonic  wave,  (2)  step  function,  (3)  2 Ax  wave,  and 
(4)  2nAx  wave  with  n  -  2,3.  Each  of  these  will  convect  the  solution  form 
on  which  It  is  based  exactly.  The  harmonic  wave  fora  produces  the 
conventional  schemes.  The  last  two  forms  lead  to  schemes  which  will  aodel 
the  shorter  waves  well . 

With  the  stencil 
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and  only  first-order  required,  the  first  of  the  above  fonts  produces  the 
Lax-Wendroff  scheme  (Ref.  121),  while  the  second  gives  the  upwind  scheme 
of  Courant,  Isaacson,  and  Rees  (Ref.  54) .  This  latter  scheme  is  first 
order  in  space,  but  the  other  three  are  second-order.  The  temporal  order 
is  the  same  as  the  spatial  for  uniform  velocity,  but  becomes  first  order 
with  nonuniform  velocity.  The  last  two  lead  to  schemes  with  cosine  functions 
of  the  Courant  number  for  coefficients. 

Dispersion  and  dissipation  for  the  first  and  last  of  these  schemes 
are  compared  below: 


Fig.  84.  Dispersion  and  dissipation:  - ,  Law  -  Wendrof f ; 

- ,  scheme  4.  (Ref.  222) 
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Although  the  results  ere  not  greatly  different,  the  Lax-Wendrof  f  sc  hen* 
does  have  more  dispersion,  but  less  dissipation,  then  the  other  scheae. 
These  two  schemes  are  compared  for  convection  of  a  Gaussian  distribution 
in  the  next  figure. 


Fig.  85.  Results  for  test -case  4:  - ,  exact  solution; 

- ,  Lax-Wendrof f ;  - ,  scheme  4.  (Ref.  222) 

Helther  is  very  good,  but  scheae  4  has  less  oscillation.  The  increased 
dissipation  is  evident  also,  however. 

Higher  order  scheaes  are  obtained  with  the  stencil 


The  scheae  produced  by  the  step-function  font  is  identical  to  the  zero 
average  phase  error  of  Froam  (Ref.  71).  The  first  scheme  is  the  classical 
third-order  schaae.  The  other  three  are  second  order.  Again  the  teaporal 
order  drops  to  one  with  nonun ifora  velocity.  Three  of  these  scheaes  are 
compared  for  dispersion  and  dissipation  below 


Fig.  86.  Dispersion  and  dissipation:  - ,  schaae  5; - ,  scheae  6  (Froea); 

. ,  scheae  8.  (Ref.  222) 

The  only  noticeable  difference  hare  Is  the  soaevhat  improved  phase  error  of 
the  Froaa  scheae,  again  accoapanled  by  aore  dissipation,  however.  The 
scheae  designed  for  2 ix  waves  was  worse  than  the  othera  with  both  stencils. 

The  aultl-stage  third-order  Bursteln  and  Mir  in  schaae  (Raf .  35,  also 
Rusanov,  Ref.  183)  was  also  included  in  the  comparison  and  found  to  be 
slightly  aore  accurate  than  the  present  scheaes  using  the  second  stencil 
with  free  paraaeter  in  the  former  scheae  chosen  so  that  the  scheae  is  fourth- 
order  in  space  though  still  third  in  time.  Other  choices  asks  this  scheae 
significantly  worse  than  the  present  scheaes  as  shown  on  the  following  page. 
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Fig.  87.  Dispersion  end  dissipation  of  the  Rusanov-Bursteln-Mlr In  schcae. 
(Ref.  222) 


Of  all  these  schemes  the  conventional  forms,  i.e.,  those  based  on 
convectlng  the  harmonic  wave  form,  are  best.  The  special  forms  designed 
to  enhance  the  short  wave  accuracy  are  more  time-consuming  because  of  the 
cosine  functions  Involved  at  each  point  and  did  not  show  significant 
Improvement  over  the  conventional  forms. 

Finite  Element  Methods 

Baker,  Sol lean ,  and  Pepper  (Ref.  23)  give  a  Galerkln  finite  element 
algorithm  using  quadralateral  elsments  and  linear  basis  functions.  For 
2D  the  use  of  b  1-1  In  ear  basis  functions  and  ID  time-splitting  through 
approximate  factoring  Is  compared.  Some  comparisons  for  the  revolving 
cone  problem  are  shown  on  the  following  page.  The  second  and  last  figures 
here  ere  for  the  finite  element  solution  in  the  unspllt  and  split  2D  forms. 
The  accuracy  Is  virtually  the  same  with  the  two  forms,  but  the  split  form 
requires  one-fourth  the  time  and  one-fifth  the  storage  of  tha  unsplit  form. 
The  third  figure  la  from  a  finite  difference  (second-order  Crank-Hlcholson) 


Fig.  88.  Advection  of  environaental  releaaa  in  conatant  valocity  field 
C  -  0.1.  (Ref.  23) 


type  of  approach.  The  reduced  dispersion  and  dissipation  with  the 
present  form  are  evident. 

This  procedure  is  further  developed  by  Baker  in  Ref.  18.  Here  a 
dissipative  mechanism  is  added  by  requiring  the  gradient  of  the  residual  to 
be  orthogonal  to  the  basis  functions  also.  The  procedure  is  extended  to 
quadratic  basis  functions,  and  the  time-splitting  factorization  is  further 
developed  for  multiple  dimensions.  With  quadratic  elements  the  time-split 
factorization  is  to  pentad lagonal  matrices,  rather  than  tridiagonal  as 
in  the  linear  case.  The  scheme  based  on  the  linear  element  is  shown  to 
have  sixth-order  phase  error  for  one  value  of  a  free  parameter  associated 
with  the  added  dissipation  and  fourth-order  otherwise.  The  dissipation 
is  fourth  order.  Without  the  dissipation  this  scheme  is  thus  fourth 
order  and  neutrally  stable.  The  improvement  using  the  quadratic  element 
was  found  to  be  significant,  at  a  cost  of  about  1Z  in  storage  and  16Z  in 
time.  Less  dissipation  is  required  with  the  higher-order  version. 

In  Ref.  21,  Baker  and  Sollman  extend  the  algorithm  to  treat  free 
surfaces.  Further  comparisons  for  the  revolving  cone  are  also  given 
in  the  figure  on  the  following  page.  The  improvement  gained  with  the 
higher-order  element  (k  »  2)  is  clear  here.  The  dispersion  and  dissipation 
decrease  with  Che  Courant  number. 

Further  amplification  of  this  scheme  is  given  by  Baker  in  Ref.  17, 
by  Baker  and  Sollman  (Ref.  20)  and  by  Baker  (Ref.  16).  Here  extension 
is  made  to  general  curved-sided  elements  for  use  with  curvilinear  coordinate 
systems.  The  cartesian  coordinates  within  each  element  are  given  by  the 
same  type  of  interpolation  from  nodal  point  values  used  for  the  solution. 

A  differential  constraint  to  enhance  satisfaction  of  continuity  is  also 
added.  The  dissipation  mechanism  is  expanded  to  Include  two  free  parameters. 
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The  scheae  based  on  the  linear  element  Is  second  order  In  phase  error  and 
first  order  in  dissipation  for  arbitrary  values  of  these  parameters,  but 
can  be  Dade  sixth  order  in  phase  error  for  a  particular  choice,  with  the 
dissipation  at  third  order.  Without  the  dissipation  the  scheme  is  fourth 
order . 

With  the  quadratic  element,  the  scheae  is  only  second-order  without 
the  dissipation,  and  la  zero  order  for  arbitrary  values.  The  scheae  can 
he  made  fourth  order  in  phase  for  a  particular  choice  of  parameters.  The 
formal  accuracy  of  the  quadratic  eleaent  is  less  than  that  of  the  linear, 
but  the  performance  of  the  former  seeas  to  be  somewhat  better.  Applica¬ 
tion  is  made  to  thr  shallow  water  equations. 

Further  results  from  the  finite  eleaent  nethod  of  Baker  and  Sollman, 
these  from  Ref.  22  for  convection  of  a  cone,  are  given  below. 
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Here  the  first  and  third  aeta  of  figures  are  the  finite  element  method. 
The  Courant  number  here  has  little  effect.  The  second  set  is  for  a 


second-order  finite  difference  Crank-Nicholson  scheme.  The  higher-order 
of  the  finite  element  scheme  clearly  leads  to  a  reduction  in  phase  error. 
Further  comparisons  are  given  In  the  next  figure 


Fig.  93.  Advectlon  of  a  concentration  packet .  (a)  Initial  condition,  dashed 
line  is  analytical  solution,  (b)  Finite  element,  k  *  1,  C  -  0.4, 

Re  -  (c)  Crank-Nicholson,  C  -  04.,  Re  «  (d)  Finite  element 

k  ■  2,  C  -  0.4,  Re  -  -.  (e)  Finite  element,  k  ■  1,  C  -  0.8,  Re  •  «*. 

(f)  Finite  element,  k  -  1,  C  -  1.2,  Re  -  <g)  Finite  element 

k  ■  1,  C  »  1.6,  Re  ■  ■.  (h)  Crank-Nicholson, C  <•  1.6,  Re  -  «. 

(i)  Finite  element,  k  -  1,  C  -  0.4,  Re  -  102.  (J)  Finite  element, 

k  -  1,  C  -  0.4,  Re  -  10  .  (Ref.  22) 
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(Fig.  93  continued) 


The  small  oscillations  In  the  finite  element  scheme  Increase  with  the 
Courant  number.  Only  a  small  effect  of  the  element  order  Is  evident 
here.  Related  to  the  finite  element  methods  is  the  least  squares 
approach  of  Chattot ,  Guiu-Roux  and  Lamine  (Ref.  42). 


Ordinary  Differential  Equation  Methods 

In  Ref.  152,  Oey  reduces  the  partial  differential  equation  in  space 
and  tiae  to  a  set  of  ordinary  differential  equations  In  space  by  using 
difference  representation  In  time  only.  The  ordinary  differential  equations 
are  then  solved  nuaerlcally  by  hlgh-accuracy  eat hods.  Multiple  dimensions 
are  treated  by  approximate  factorization,  lye.,  time-splitting,  which 
reduces  the  equation  to  a  multi-stage  set  of  ordinary  differential  equations. 

A  third-order  split  form  is  given.  The  number  of  ordinary  differential 
equations  to  be  solved  at  each  stage  Is  equal  to  the  number  of  dependent 
variables.  In  contrast,  with  the  method  of  lines,  where  apatlal discretization 
is  used  to  produce  ordinary  differential  equations  In  time,  the  number  of 
equations  In  the  set  to  be  solved  is  equal  to  the  number  of  points  in  the 
field. 

Bellman,  Kashef,  and  Castl  (Ref.  25)  represent  the  first  derivative 
in  terms  of  the  solution  values  at  neighboring  points  to  obtain  a  system 
of  ordinary  differential  equations  In  time.  The  spatial  order  Is  determined 
by  the  number  of  points  used  In  the  representation  of  the  derivative. 

Coswat  Isons 

Turkel  (Ref.  2155  comperes  several  methods  that  are  fourth  order  in 
space  and  second  order  in  time. 

(1)  The  Krelss-Ollger  scheme  (Rsf.UB)  is  the  fourth-order  extension 
of  the  leapfrog  three-time  level  method  and  has  the  ID  stencil 


Stability  requires  that  the  Courant  number  be  less  than  0.72.  This  scheme 
Is  nondlaslpatlve. 

(2)  The  fourth-order  extension  of  the  Mac  Co  mack  method  (Ref.  135)  is 
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a  two  stage  Mat hod  with  the  atenclla 
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with  four  obvious  variations  of  implementation  of  these  stages.  It  la 
necessary  to  alternate  the  succession  of  difference  directions  at  successive 
time  steps  to  achieve  fourth  order.  Here  the  stability  limitation  on  the 
Courant  number  la  2/3.  A  compact  veralon  of  the  MacCormack  method  la  also 
given  based  on  the  Pade  approximation  of  the  derivative.  This  method  has 
the  stencils: 

tt  tt 

The  stability  criterion  la  that  tha  Courant  number  not  exceed  0.57.  The 
compact  version  thus  has  a  more  restrictive  stability  criterion  than  the 
version  using  wider  stencils. 

(3)  The  fourth-order  version  of  the  Implicit  Crank-Nlcholson  method 
(kef.  107  and  155)  has  the  stencil: 

xtt 

This  Implicit  method  is  unconditionally  stable  In  the  linear  sense,  so 
that  the  short  waves  will  not  destabilise  the  solution  even  though  they 
are  still  not  computed  accurately. 

In  addition  to  these  methods,  psaudospectral  methods  are  also  considered. 
Here  the  spatial  order  is  effectively  Infinite.  For  unbounded  regions 
Fourier  series  expansions  are  used,  while  with  boundaries  Chebyshev  expansions 
are  more  appropriate  (Kef.  93).  These  methods  are  also  unconditionally  stable 
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In  Che  linear  sense. 


The  fourth-order  MacCormack  scheme  was  about  twice  aa  fast  as  the 
second-order  version  and  required  less  than  half  the  storage  for  Moderate 
accuracy  in  ID  probleaa.  The  fourth-order  implicit  Crank-Nicholson  for* 
was  about  301  more  efficient  than  the  second -order  version  and  required 
about  a  quarter  of  the  storage.  The  fourth-order  version  was  most  effective 
with  ssisller  time  steps  than  those  used  in  the  second-order  version,  since 
for  lsrger  steps  the  temporal  error  dominates  and  the  fourth-order  accuracy 
in  space  is  not  being  utilized.  The  tine  step  should  be  chosen  so  Chat  the 
temporal  and  spatial  errors  are  about  equal. 

These  advantages  of  fourth  order  increase  dramatically  when  greater 
accuracy  is  required  and  for  stiffer  probleaa.  Although  the  fourth-order 
accuracy  la  lost  at  shocks,  over ahoots  and  oscillations  are  not  aggravated 
by  the  higher-order  methods. 

Multiple  dimensions  are  treated  by  time-splitting,  which  if  done 
symmetrically  preserves  the  second  order  in  tine  and  does  not  disturb  the 
spatial  order.  The  stability  condition  is  simply  the  most  restrictive 
of  the  ID  criteria.  The  fourth-order  version  of  the  MacCornack  method 
was  found  to  give  smaller  phase  error  and  similar  accuracy  with  half  the 
points  in  each  direction  required  by  the  second-order  version. 

The  spectral  method  allowed  a  reduction  in  storage  but  was  not  more 
efficient  than  the  fourth-order  method.  Spectral  methods  may  be  more 
efficient,  however,  if  the  solution  contains  the  small  wavelengths  which 
are  not  resolved  accurately  by  the  finite-order  method.  The  speed  of  the 
spectral  method  la  highly  dependent  on  the  fast  Fourier  transform  used. 

In  general  the  fourth-order  methods  were  about  three  to  five  times 
faster  at  5Z  accuracy  than  the  second-order  versions,  and  required  half  the 
points  in  each  direction.  Theae  advantages  increase  in  higher  dimensions 
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or  with  mlltc  error  tolerance*.  In  com*  caeea  eapec tally  aenaitlve  to 
boundary  treatment,  the  fourth-order  method*  may  be  leee  etable.  Fourth- 
order  echemea  are  moat  appropriate  for  atlff  equation*,  where  the  higher 
frequency  component*  are  of  leee  phyelcal  algnlf lcance.  Higher  order  In 
space  than  In  time  la  also  more  appropriate  with  stretched  meshes,  since 
the  time  step  is  limited  to  small  values  by  the  minimum  spacing.  The 
fourth-order  extension  of  the  KacCormack  method  has  been  found  to  be 
robust  In  several  applications. 

The  time  step  of  the  fourth-order  space,  second-order  time  methods 
should  be  chosen  smII  enough  that  the  temporal  errors  are  not  larger  than 
the  spatial  errors.  Too  large  a  time  step  severely  degraded  the  solution. 

In  general  it  was  better  to  choose  the  time  step  too  small  than  too  large. 

In  many  problems,  e.g.,  stiff  equations  or  stretched  meahes,  the  largest 
time  step  allowed  by  the  stability  criteria  la  small  enough  that  the  second 
order  in  time  Is  comparable  to  fourth  In  space.  Higher-order  methods  usually 
require  more  computer  time  per  time  step,  so  efficiency  1*  improved  only  If 
a  coaraer  grid  can  be  used.  Methods  for  which  only  the  spatial  order  Is 
increased  are  not  significantly  store  complicated  than  the  lower  order  version. 

Fromm,  Ref.  71,  states  that  the  variations  In  relative  quality  among 
aecond-order  methods  are  too  email  to  warrant  efforts  towerd  selecting  a 
best  method.  Fourth-order  methods  have  much  better  phase  properties  and  much 
less  dissipation.  First-order  method*  are  monotonlc  but  have  massive 
dissipation  and  large  phase  error. 

Central  difference  representations  generally  have  lagging  phase  error. 

All  second-order  methods  generally  have  the  property  that  the  phase  error 
decreases  as  the  wavelength  Increase.  It  Is  thus  desirable  that  the  dissipation 
be  greatest  at  shorter  wavelengths.  Some  methods,  however ,  have  the  greatest 
damping  at  Intermediate  wavelength*.  In  this  class  are  the  Rlchtmyer  two- 
stage  method,  with  the  stencils; 
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which  Is  equivalent  to  the  Lax-Wendroff  method  written  over  point*  that 
are  twice  a*  widely  spaced.  The  4Ax  node  la  nonpropagating  in  this  scheme, 
as  well  as  the  2 Ax  mode.  Also  In  this  category  are  the  Burateln  method 
(Ref.  34),  discussed  elsewhere,  and  the  Crowley  fourth-order  method 
(Ref.  55),  formed  by  simply  adding  another  term  to  the  Taylor  expansion, 
for  which  the  stencil  is 


The  t lee-centered  methods  have  no  dissipation.  Among  such  second- 
order  methods  are  the  Implicit  Crank-N  lc  hoi  son  with  the  stencil 


the  leapfrog: 


and  the  method  of  Roberts  and  Heisa  (Ref.  17A > t 


The  figure  below  glvea  a  comparison  of  the  phase  error  for  some 
of  these  methods  for  a  wavelength  of  4 Ax  and  a  range  of  Courant  numbers. 


Courgnt 


Fig.  94.  Phase  lag  curves  for  1  -  4 AX  for  typical  second -order  sctames. 
[9(A4)/Sa)0  =  -0.5.  (Ref.  71) 

For  smell  Courant  numbers  there  Is  little  difference  among  the  methods, 
but  the  methods  vary  widely  at  larger  Courant  numbers. 

Phase  properties  can  be  dramatically  Improved  by  fourth-order 
methods.  Here  time  centering  Is  less  Important  since  the  dissipation  la 
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greatly  reduced.  A  comparison  analogous  to  that  given  above  appears 
in  the  next  figure  tor  three  different  wavelengths  for  the  fourth-order 
methods  of  Roberta  and  Weiss  (Ref.  174)  and  Crowley  (Ref.  55) .  Again  there 
Is  a  phase  lag,  but  auch  reduced  in  aagnitude. 


Courant 


Fig.  95.  Fourth-order  methods  compared  for  phase  error.  For  X  -  4AX, 
[3(A«)/3a]0  -  -  0.25.  Compare  figure  94.  (Ref.  71) 


A  composite  fourth-order  method  Is  formed  by  averaging  schames 
with  lagging  and  leading  phase  errors.  The  scheme  with  the  phase  lag 
it  taken  to  be  one  formed  froma  quart lc  interpolation  polynomial  flttad 
to  five  symmetrically  located  points,  the  new  time  value  Is  formed  by 
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evaluating  the  polynomial  at  the  point  x  -  uAt .  The  scheme  with  a  phase 
lead  la  formed  In  the  saae  way,  but  with  the  five  points  shifted  one  point 
upstream.  The  phase  error  of  the  combined  schemes  is  shown  below,  together 
with  that  of  a  similar  second-order  combination. 


Courant 


Fig.  96.  Comparison  of  phase  errors  of  various  orders  of  upstream 

difference  methods  where  the  second-  and  fourth-order  forms 
are  combined  forms  (Eq.  (21)  for  fourth  order].  For  \  •  4 AX, 
l 3 ( A4) / 3a] .  -  -  0.05  in  both  second  and  fourth  order.  Compare 
Figure  95.  (Ref.  71) 
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The  phaee  error  clearly  drops  rapidly  with  Increasing  wavelength.  The 
dissipation  Is  also  reduced  In  the  combination  except  for  the  shortest 
wavelength,  where  It  is  desirable  anyway. 

Huffenus  and  Khaletzky  (Ref.  106)  compare  several  methods  on  the 
basis  of  convection  of  a  Gaussian.  The  excessive  dissipation  of  the 
simple  first-order  upwind  method  Is  clear  in  the  figure  below: 


T=0  T:9600  S 


Fig.  97.  Upwind  differencing  scheme  (FTUS1)  (Ref.  106) 

The  Lax-Uendroff  scheme,  also  called  the  Leith  scheme.  Is  second  order  and 

consequently  has  less  dissipation  but  more  dispersion: 

T=0  T--9BOO  S 


The  second-order  Crenk-Nlcholeon  scheme,  which  le  time  centered  and 

implicit,  has  even  more  dispersion: 

T*0  T=9GOO  S 


Fig.  99.  Euler's  modified  method. 


(Ref.  106) 

This  time-centered  scheme  is  less  dependent  on  the  Courant  number  and, 
being  implicit,  la  unconditionally  stable.  Another  implicit  scheme  is 
the  simple  first-order  backward-time,  second -order  central  space  scheme. 
This  scheme  is  more  dissipative  than  the  Crank-Nicholson  method,  however, 
because  of  the  low  time  order: 


TiO  T=9600  S 


Fig.  100.  Implicit  centered  space  schema. 
(Kef.  106) 


The  third-order  upwind-biased  scheae  given  by  Davies  in  Ref.  58 
has  much  less  dissipation  and  better  phase  properties  than  the  second 


order  methods: 

T:0  TrSL'OC  S 


Fig.  101.  Polynomial  fitting  of  degree  3  (FTUS3) . 

(Ref.  106) 

The  third-order  compact  method  of  Holly  and  Prelssaan  (Ref.  104) 
has  even  better  phase  properties  and  less  dissipation: 


TsO  T  =  9G00  S 


Fig.  102.  Transport  of  the  derivatives. 
(Ref.  106) 
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Akima'a  method  (Ref.  10)  is  not  compact  and  Involves  six  points  from 
1  -  3  to  1  +  2.  This  scheme  has  a  built- In  filter  for  W  and  N  waves 
as  discussed  elsewhere.  The  dispersion  and  dissipation  are  slightly  greater 
than  that  of  the  compact  method  above: 


r  =  9600  S 


Fig.  103.  Akima  interpolat Ion  method, 

(Ref.  106) 

Overall  the  authors  favor  the  Davies  third-order  scheme  because  of 
its  simplicity  for  the  accuracy  given. 

Forester  compares  a  number  of  higher-order  schemes  In  Ref.  74  for 
convection  of  several  waveforms.  The  schemes  considered 

(1)  the  original  FCT  scheme  of  Boris  snd  Book  (Ref.  31  and  32), 

(2)  the  monotonic  van  Leer  scheme  (Ref.  123),  which  consists  of 
the  application  of  a  flux  limiter  to  the  second-order  averaged  phase 
error  scheme  of  Fromm  (Ref.  71), 

(3)  the  second-order  Leith  scheme  (Ref.  71),  to  which  the  Lax- 
Wendroff  scheme  reduces  for  uniform  velocity, 

(4)  the  second-order  upstream-biased  form  of  the  Leith  scheme  given 
by  Fromm  (Ref.  71), 


(5)  the  second-order  Crank-N lcholson  scheme, 

(6)  the  fourth-order  epece  Crowley  scheme  (Kef.  55)  using  second- 


order  Crank-Nlcholson  tlae  differencing, 

(7)  the  one-flux  version  of  the  Crowley  schsae  given  by  Froam  (Ref.  71), 

(8)  the  two-flux  version  of  the  Crowley  ss  given  by  From*  (Ref.  71), 

(9)  s  sysnetrlc  spat  1*1  sixth-order  schrae  with  second-order  Crank- 
Nlcholson  tine  differencing, 

(10)  the  spatial  eighth-order  fora  of  the  previous  schase,  and 
finally, 

(11-13)  scheaes  based,  respectively,  on  determination  of  the  derivative 
by  cubic,  quintic,  and  septeaic  splines. 

In  the  spline  scheaes  higher  derivatives  are  obtained  by  spllning 
the  lower  derivatives  in  turn.  This  requires  a  tridiagonal  solution  for 
each  derivative.  Thus  all  the  required  derivatives  are  obtained  on  the 
entire  field  froa  the  solution  at  the  previous  tlae  level.  Substitution 
of  these  derivatives  in  the  Taylor  serlas  expansion  then  produces  the 
solution  at  the  next  tlae  level,  all  tlae  derivatives  in  the  series  being 
replaced  by  spatial  derivatives  obtained  by  repeated  differential  equation. 
These  spline  scheaes  follow  the  saae  approach  used  by  Gacdag  (Ref.  77) 
except  for  the  aethod  of  determination  of  the  derivatives.  The  order  of 
these  spline  scheaes  is  more  tbsntvlce  the  spline  degree  with  Courant 
number  less  than  about  1/4  and  wore  than  two  tlae  derivatives  retained  in 
the  Taylor  series.  For  larger  Courant  nuabers,  the  order  depends  on  both 
the  spline  degree  and  the  number  of  derivatives  retained  in  the  Taylor 
series.  The  quintic  spline  aethod  has  order  about  midway  between  a  spatial 
fourth-order  aethod  and  the  pseudospectral  methods.  A  ninth-degree  spline 
aethod  would  have  order  approaching  that  of  the  pseudospectral  methods. 
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These  spline  scheaes  ere  eppllceble  Co  arbitrary  nuabere  of  grid  point a 
while  Che  Cacdag  aethod ,  using  fast  Fourier  transfora, is  not. 


Results  are  compared  with  low  Courant  number  for  a  square  wave 


below: 


(Ref.  74) 


Fig.  104. 


ri«.  10S. 


The  dots  indicate  the  numerical  representation  of  the  linear 
wave  shown  which  has  been  propagated  60  aeah  intervals  with 
600  time  cycles  by  a  second,  second,  sixth,  and  fourth-order 
convective  scheme.  Note  the  significant  Increase  in  the  frequency 
of  the  computational  noise  ss  the  order  of  the  convective  scheme 

is  increased,  a  •  0.1;  exact  solution  ( - );  approximate  eolation 

(•***> . 
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(Ref.  74) 


comments  as  Fig.  104, 
eighth-order  schemes. 


except  for  sixth,  tenth,  sixth  and 
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and  for  such  a  wave  with  rounded  corners  In  the  next  figures: 
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Fig.  106.  Sane  as  coanents  In  Fig.  104  with  the  following  additional 
consideration.  Compare  Fig.  104  with  Fig.  106  and  note  the 
significant  Increase  In  the  amplitude  but  not  the  frequency  of 
the  coaiputat  lonal  noise  by  decreasing  the  number  of  mesh  Interval 
over  which  the  steep  gradient  regions  are  distributed. 


(Ref.  74) 


Fig.  107.  Same  comments  as  in  Fig.  105  with  the  same  additional  comment 
aa  la  Fig.  106,  except  compare  Fig.  105  with  Fig.  107. 


and  for  a  Gauaalan  wave  next. 


Fig.  108.  Same  as  the  comments  In  Fig.  105  with  the  same  additional 
comment  as  In  Fig.  106,  except  compare  Figs.  107  and 
108. 

The  frequency  of  the  noise  increases  with  the  order  of  the  scheme 
but  the  amplitude  decreases.  Rounding  of  the  corners  of  the  wave 
significantly  reduces  the  error  with  the  high-order  schemes,  but  the 
effect  is  less  pronounced  for  the  lower-order  methods.  Higher-order 
schemes  thus  cen  handle  steeper  gradients  with  a  fixed  grid  point  distribution, 
or  can  handle  the  same  gradient  with  fewer  points,  than  cen  the  lower- 
order  methods.  The  frequency  of  the  noise  is  not  affected  by  the  steepness 
of  the  gradient. 

The  figure  on  the  following  page  illustrates  the  effect  of  the  Courant 
number.  The  noise  frequency  decreases  as  the  Courant  number  increases, 
especially  for  the  schemas  that  are  lower-order  in  time.  The  amplitude 
also  increases  with  the  Courant  number  for  these  methods,  but  mot  for  the 
higher-order  t baa  methods. 
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(Ref.  74) 
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Fig.  109.  Sue  mu  Che  couenCi  In  Fig.  105  except  for  75  else  cycle*. 

Compare  Fig.  105  with  109  not*  the  reduction  in  frequency 
of  the  computational  nolae  aaaoclated  with  the  Increase  of 
Courant  number,  a  *  0.8. 

Though  reduced,  the  nolae  peralata  even  in  the  higher -order  acheaea 
when  the  wave  form  has  sharp  corner*.  The  tenth-order  apline  method,  though, 
has  virtually  eliminated  the  oaclllatlona  with  the  Gauaelan. 

Result*  for  the  aquare  wav*  uaing  the  preaent  and  other  method*  of 
fitting  are  ahown  In  the  figure  below: 


(Ref.  74) 


n«.  110.  The  ami  teat  computation  aa  ahown  in  Fig.  109  except  the 

application  of  the  filter  of  faction  2  ha  a  boon  uaad  to  remove 
the  conputatlonal  nolae  la  the  ap lined  A3D  convective  achanaa. 
a  -  0.8;  filter  cooat  ant  a:  e  “  0.1;  K  ■  1. 


The  lower-order  FCT  and  van  Leer  filtering  of  the  Fromm  method  deform 
the  wave  badly.  From  the  earlier  figure*,  wavelength*  below  about  8  Ax 
oust  be  filtered  in  general,  though  with  higher-order  and  lower  Courant 
numbers  the  filtering  may  be  limited  to  ahorter  waves. 

Results  from  the  filtered  scheme*  for  the  Gauaaian  wave  are  shown 


next. 

Fig.  113. 


***•  #om's 


The  Gaussian  wave  distribution  is 
propagated  60  mesh  Intervals  for 
600  time  cycle*.  Note  the  excellent 
phase  but  poor  amplitude  properties 
of  the  Boris-Book  algor  It  la  for  this 
problem.  Also  note  the  substantial 
Improvement  in  amplitude  response  as 
the  order  of  the  filtered  algorithms 
Is  Increased.  Compare  Figs.  108  and 
113  and  observe  the  small  amount  of 
amplitude  damping  of  the  peak  of 
the  wave  which  the  filter  of 
Section  2  produces,  o  ■  0.1. 

Filter  constants  c  »  0.1; 

K  -  1.  (Ref.  74) 


Fig.  115.  Compare  Figs.  113  sad  115  and  note  the  Increase  In  phase  errors 
of  various  filtered  solutions  with  Increased  Courant  number.  In 
spite  of  this,  note  the  nonotonic  response  of  the  solutions, 
o  ■  0.4.  Filter  constants:  c  ■  0.1;  K  •  1. 

While  the  effect  of  order  on  the  filtered  schemes  is  small  when  the 
solution  has  sharp  corners,  it  Is  clear  that  higher-order  methods  are 
far  superior  with  the  Gaussian.  The  lower-order  methods  require  at 
least  three  times  more  points  than  are  needed  by  the  fourth  and  higher- 
order  schemes.  Phase  error  tends  to  Increase  with  Courant  number,  and 
decrease  with  Increasing  order,  for  the  filtered  schemes.  The  strength 
of  the  filter  must  Increase  with  the  Courant  number. 

General  recoMendatlons  for  use  of  the  filter  are  given.  It  is 
generally  better  to  keep  the  strength  of  the  filter  at  1/5  and  to  restrict 
the  Courant  number  sufficiently  that  only  a  few  repetitive  filter  applications 
are  necessary  to  bring  the  error  to  within  tolerances. 

Zaleaak  (Kef. 226  )  compares  several  higher-order  leapfrog  schemes 
having  second  order  In  time.  Theee  ere  two-stage  schemes  formed  of  a 
leapfrog  predictor  and  a  trapesoldal  corrector,  both  of  which  ere  of  the 
same  high  order  In  space  and  second  order  In  time.  Actually  the  corrector 


166 


is  not  applied  at  each  tiaa  atep.  Results  of  thaaa  schamea  for  convoction 
of  a  square  wav*  ara  shown  below;  together  with  raaulta  of  a  paaudoapactral 


schwa. 


of  a  square  wave,  using  periodic  boundary  conditions.  This  is  the 
saaie  problaa  originally  usad  by  Boris  and  Book,  and  subsequently 
■any  others,  to  test  advection  schwas.  The  standard  output  tlae 
(shown  hare)  is  after  800  tlae  steps  using  a  Courant  number  vAt/Ax 
of  0.2.  The  analytic  solution  is  shown  as  a  solid  line.  In  the 
upper  left  plot  we  show  results  using  the  first- order  donor  cell 
schwe,  followed  by  results  for  the  leapfrog-trapeaoidal  schese 
using  spatial  derivatives  of  second,  fourth  and  sixteenth-order 
accuracy.  Note  the  "ripples"  in  the  high-order  schwas  and  the 
aonotone  but  excessively  dissipative  performance  of  the  donor 
cell  schwe.  (Ref.  226) 


Fig.  117.  Tests  of  the  linear 
advection  of  a  aquare  wave, 
as  in  Fig.  116,  but  using 
the  Fourier  paaudoapactral 
approximation  of  spatial 
derivatives  togathar  with 
the  leapfrog- trapasoidal 
temporal  discretisation  as 
ths  "high-order"  scheme. 
Shown  is  the  result  of 
using  just  the  pseudo- 
spectral  acharns  alone  (no 
FCT) .  (Ref.  226) 


As  seen  In  other  comparisons,  the  eaplltude  of  the  oscillating 


error  decreases,  end  the  frequency  Increases,  with  increasing  order.  However, 
even  the  pseudospectrsl  aethod,  which  Is  essentially  Infinite  In  spatial 
order.  Is  not  able  to  handle  this  problem  satisfactorily. 

In  Ref.  213,  Trefethen  discusses  the  group  speed  of  difference  achates 
and  Its  relation  to  numerical  dispersion.  The  analysis  Is  strictly  sppllcable 
only  to  non-disslpatlve  schemes.  It  la  noted  that  the  error  In  the  group 
speed  la  typically  three  times  the  error  In  the  phase  speed.  Have  fronts 
and  wave  packets  travel  at  the  group  speed.  Numerical  dispersion  arises 
when  the  group  speed  Is  dependent  on  the  wove  number.  Short  wavelength 
parasitic  waves  may  be  generated  at  Interfaces,  shocks,  or  other  discontinuities 
and  alao  from  sudden  changes  In  grid  spacing. 

Haidvogel,  Robinson  and  Schulman  (Ref.  94)  compare  three  methods 
for  vorticity  convection.  Ths  first  method  Is  the  second-order  Arakawe 
scheme  (Ref.  IS)  for  the  convective  terms  with  leapfrog  time  differencing. 

The  second  Is  a  Galerkln  finite  element  scheme  using  linear  rectangular 
elements  and  second-order  centered  time  differences  or  second-order  Adsms- 
Bashforth  time  differencing,  both  of  which  are  three-time  level  schemes. 

Here  the  matrices  are  factored  Into  a  trldlagonal  matrix  for  each  direction. 

The  method  Is  fourth  order  In  phase  error. 

The  final  scheme  Is  a  pseudospectrsl  method  based  on  Chebyshev 
polynomials.  The  pseudospectrsl  method  was  found  to  be  the  most  accurate, 
and  the  finite  difference  the  least  accurate.  It  should  be  recalled 
that  the  finite  difference  method  considered  wma  only  second  order. 

However,  nonlinear  Instability  Is  mors  of  a  problem  with  the  pseudospectrsl 
and  finite  element  methods.  Periodic  smoothing  can  maintain  stability, 
however. 
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Her ten  and  Tal-Ezer  (Ref.  97)  found  that  tha  accuracy  advantage  of 
fourth-order  spatial  differences  over  second-order  differences  decreased 


with  Increasing  Courant  nu beers  above  unity  In  implicit  schemes  of  the 
Crank-Nicholson  form.  Fourth-order  differences  gsve  an  order  of  magnitude 
improvement  In  accuracy  over  second  order  for  Courant  number  of  unity, 
but  negligible  improvement  for  Courant  above  4.  The  use  of  fourth-order 
In  time  gave  about  two  orders  of  magnitude  improvement  in  accuracy  for 
all  Courant  numbers  considered  (up  to  8)  over  second  order  In  time,  both 
with  fourth  order  In  space.  With  fourth  order  In  space  only,  the  optimal 
Courant  number  for  accuracy  was  around  0.2S,  while  with  fourth  order  in 
space  and  time  the  optimal  was  around  2.5.  At  Courant  numbers  near  unity, 
fourth  order  gave  considerably  leas  oscillation  with  shocks  (using  a 
switched  Shuman  filter)  than  did  second  order,  while  at  Courant  numbers 
around  2  no  such  Improvement  was  saan. 

It  was  concluded  that  with  shocks  present,  the  Courant  number  should 
not  be  much  larger  than  unity. 

Sod,  In  Ref.  191,  compares  a  number  of  schemes  for  the  shock  tube 
problem.  The  methods  considered  were  the  following: 

(1)  the  two-stage  first-order  Godunov  with  the  stencils 


(2)  the  two-stage  second-order  Rlchtmyer  rendering  of  the  Lax- 
Wendroff  method  (Raf.  171), 

(3)  the  MecCormeck  two-stage  second-order  method  (Ref.  135), 
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(A)  the  first-order  Rusanov  method  (Ref.  183), 

(5)  the  first -order  upwind  scheate, 

(6)  the  random  choice  two-stage,  first-order  method  of  Climm 
(Ref.  81)  rendered  by  Chorln  (Ref.  46),  which  builds  the  solution  by 
sampling  Riemann  solutions,  i.e.,  propagation  of  step  functions, 

(7)  Harten's  artificial  compression  method  (Ref.  96),  which  is 
inherently  first  order, 

(8)  the  hybrid  scheme  of  Harten  and  Zwas  (Ref.  98),  which  combines 
low  and  higher  order  schemes,  using  the  former  only  when  necessary  to 
suppress  oscillations, 

(9)  FCT  of  Boris  and  Book  (Ref.  31)  applied  to  the  two-stage 
Richtmyer  version  of  the  Lax-Wendrof f  method, 

(10)  Hyman's  two-stage  predictor-corrector  method  using 

a  first-order  explicit  predictor  for  a  half  time  step  followed  by  a 
second-order  leapfrog  correction,  with  fourth-order  spatial  differencing 
in  each,  the  stencils  being 


First  and  second-order  artificial  viscosity,  respectively,  was  added 
to  the  two  stages,  lowering  the  order  to  that  of  the  artificial  viscosity. 

The  lower-order  method  used  in  the  hybrid  method  above  was  the  second 
order  HacCormack  method  with  first -order  artificial  viscosity  added,  and 
the  higher-order  was  the  second-order  HacCormack  method  without  the 
artificial  viscosity.  Some  type  of  artificial  viscosity  was  added  to  the 
methods  of  Godunov  and  HacCormack  and  to  the  Lax-Wendrof f  methods.  The 
results  are  shown  on  the  following  pages: 


□CMC ITT 


Fig.  124.  Upwind  difference  method.  (Ref.  191) 


Fig.  125.  Cl imm’s  method.  (Ref.  191) 
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The  artificial  compression  cannot  be  applied  in  the  presence  of 
oscillations.  The  Cl  1m  scheme  required  three  tines  as  much  tine  but 
far  less  grid  points.  Without  corrective  procedures,  the  Godunov  and 
Hyman  net hods  gave  the  best  results.  The  Gllan  scheme  gave  the  best 
shock  resolution.  The  shock  tube  problem,  however,  is  the  type  of 
problem  to  which  Rlemann  solvers  are  particulary  well  suited.  The 
hglher -order  schemes  gave  better  approximations  to  the  smooth  parts  of 
the  flow. 

Ralthby  and  Torrance  (Ref.  168)  note  that  order  nay  be  misleading 
in  cases  with  strong  convection  when  higher-order  derivatives  in  the 
Taylor  expansion  nay  be  larger  than  those  of  lower  order .  These  authors 
also  found  that  the  use  of  variable  time  stepa  over  the  field  speeded  up 
convergence  to  the  steady  state  considerably,  though  true  time  representation 
is  lost. 

Orszagand  Jayne  (Ref.  156)  note  that  order  is  degraded  at  solution 
discontinuities,  but  even  then  the  higher-order  methods  are  superior. 

Second  and  fourth-order  schemes  are  examined .  It  is  stated  that  spectral 
schemes  require  at  least  a  factor  of  two  less  resolution  to  achieve  the 
same  accuracy  as  fourth-order  schemes,  while  fourth-order  schemes  require 
a  factor  of  two  less  than  second -order  schemes.  The  amplitude  and 
wavelength  of  phase  error-induced  oscillations  decreases  as  the  order 
of  the  scheme  increases.  Necessary  dissipation  can  therefore  be  smaller 
and  more  localised  with  higher-order  schemes. 
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V.  FILTERS 


The  computational  noise,  l.e.,  short  wavelength  spatial  oscillations 
that  occur  near  strong  gradients,  ran  be  controlled  by  filters  which 
smooth  out  the  oscillations  by  selectively  applying  large  local  dissipation. 

Switched  Shuman  Filter 

An  older  fora  of  filter,  usually  called  the  Shuman  filter,  simply 
applies  large  dissipation  everywhere  In  the  fora  of  the  addition  of  a 
second  derivative  tern  to  the  equation.  The  artificial  diffusion 
coefficient  is  such  as  to  produce  the  effect  of  replacing  the  solution 
value  at  each  point  by  the  average  of  the  present  value  and  the  average 
of  the  neighboring  values.  The  Shuman  filter  was  used  by  Vliegenthart 
(Ret.  218).  This  filter  applies  too  ouch  dissipation  for  realistic  use. 

A  better  approach  is  the  switched  Shuman  filter,  in  which  the 
artificial  diffusion  coefficient  Is  made  space-dependent,  being  large 
only  near  large  gradients  and  being  of  the  order  of  the  difference 
scheme  elsewhere.  This  coefficient,  l.e.,  the  switch.  Is  usually  made 
proportional  to  a  power  of  the  gradient  of  importance.  A  related  approach 
la  the  switched  hybrid  schames,  which  are  constructed  of  a  weighted 
average  of  low  and  high-order  methods,  discussed  later  in  this  section. 

Here  the  switch  favors  the  low-order  scheme  In  regions  of  large  gradient. 

The  switched  Shuman  filter  was  applied  by  Karten  and  Zwas  in  Ref. 

99  .  The  switched  Shuman  filter  wss  used  by  Harten  and  Tal-Eser, 

Ref.  97,  in  second  and  fourth-order  schames  of  the  Crank-Nlcholson 
type  to  control  oscillations  occurring  with  shocks.  This  type  of  filter 
was  also  used  by  Holla  and  Jain,  Raf.  103.  The  affects  of  the  Shuman 
switch  (Ref.  99  )  were  Investigated  by  Srlnlves,  Gururaja,  and  Prasad 
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In  Ref.  195  for  aavaral  shock  problems.  This  filter  was  found  to  b« 
effactlva  against  oscillations,  but  It  did  astear  tha  shock  considerably . 

Srlnlvas  and  Guru raj a  (Ref.  193)  make  the  coefficient  on  the  S human 
switch  filter  (Ref.  99  ) ,  or  In  the  switch  used  for  hybrid  methods 
(Ref.  98)  t  locally  dependent  on  the  Courant  number,  such  that  maxima 
filtering  effect  occurs  for  values  of  1/2,  with  no  filter  at  0  or  1. 

This  type  of  switch  was  used  by  Sod  (Ref.  191)  for  the  Her ten  and  Zwea 
hybrid  scheme  (Ref.  98),  g  switch  was  also  used  by  Sod  to  reduce 
added  artificial  viscosity  In  a  predictor-corrector  method.  Results 
for  these  schemes  are  shown  on  p.  171—176, 

Flux-Corrected  Transport 

Flux-corrected  transport  (FCT)  is  basically  a  procedure  for  adding 
artificial  diffusion  to  on  algorithm  and  then  removing  diffusion,  l.e., 
adding  anti-diffusion,  whenever  posalbl.  without  allowing  the  solution 
to  assume  new  1< cal  extrema.  This  procedure  Involves  three  stages — 
convection,  diffusion,  and  anti-diffusion.  (Diffusion  here  Is  understood 
to  be  artificial.  Physical  diffusion  would  be  Included  in  the  convection 
stage  or  applied  separately  in  a  time-split  mode.)  Some  testing  procedure, 
called  a  flux  limiter.  Is  also  necessary  to  locally  limit  the  anti- 
diffusion  so  that  Its  application  will  not  push  the  solution  beyond 
Its  values  at  neighboring  points  to  form  new  local  axtreaw. 

There  are  two  free  parameters  In  FCT,  the  diffusion  and  anti-diffusion 
coefficients,  which  may  be  uniform  or  variable  over  the  field.  There  are 
also  the  choices  of  what  provisional  solution  to  base  the  antl-dlffualon 
on,  and  how  to  construct  the  flux  limiter.  The  original  form  given  by 
Boris  and  Book  in  Ref.  32  had  both  the  diffusion  and  antl-dlffualon 
coefficients  equal  to  1/8,  with  the  antl-dlffualon  based  on  a  cottv acted 
and  dlffuaad  provisional  solution. 
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Wlch  the  convection,  diffusion  end  antl-dlf fusion  operations 
represented  by  C,  0,  end  A,  respectively,  the  overell  operation  In  this 


case  la  given  by 


(1  +  A)(l  +  C  ♦  D)#n 


(1) 


and  che  provisional  solution  from  which  the  anti-diffusion  la  calculated  Is 


/  m  (1  +  c  +  D)4n 


(2) 


The  flux  limiter  used  was  the  limitation  of  the  anti-diffusion  flux  at 


each  point  to  the  minimum  of  (1)  the  diffusion  flux  at  this  point  and  (2) 
Che  anti-diffusion  flux  which  would  push  the  provisional  solution  at  either 
of  the  two  points  affected  by  this  anti-diffusion  flux  beyond  Its  value 
at  the  adjacent  points. 

The  results  of  this  version  of  FCT  applied  to  the  second-order  Lax- 
Uendroff  scheme  la  shown  below. 


Pig.  130.  Simple  explicit  ("1/8"  -  0.12S)  version  of  FCT  antidiffusion  using 
the  SHASTA  Transport  algorittm.  The  velocity  Is  unity  and  e  -  0.2. 
The  time  is  t  ■  20  (cycle  -  100).  The  explicit  version  is  far 
better  than  the  standard  schemes.  (Ref.  32) 


This  early  form  was  used  by  Book  and  Ott  (Ref.  29)  for  a  shallow  water 
problem,  and  Is  also  discussed  by  Boris  In  Ref.  30.  In  Ref.  28  the  diffusion 
and  antl-dlffuslon  coefficients  were  kept  uniform  and  equal,  but  were  determined 
es  the  minimum  necessary  to  make  the  combined  convection  and  transport  stages 
mo  no  tonic .  The  uniform  value  then  depends  on  the  msximum  Courant  number. 
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An  Implicit  anti-diffusion  version  Is  also  given  In  Ref.  32.  Here 
the  overall  operation  la  represented  ae 

(1  -  AHn+1  -  (1  +  C  +  D)An  (3) 

and  a  tridiagonal  solution  Is  required.  The  flux  limiter  Is  based  on 
the  same  provisional  solution  as  used  for  the  explicit  case.  The 
implicit  version  Is  not  significantly  better  than  the  explicit  in 
general  but  does  eliminate  the  residual  diffusion  that  remains  with  zero 
velocity  in  the  explicit  version,  as  shown  below: 


t 
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Fig.  131.  Same  as  in  Pig.  130  except  the  flow  velocity  Is  zero.  The  solid 
line  again  shows  the  correct  solution.  Here  the  Implicit  FCT 
algorithm  (b)  gives  the  exact  answer  whereas  the  somewhat  simpler 
explicit  method  still  has  a  small  residual  smoothing.  (Ref.  32) 


(«)  EXPLICIT  FCT  ALOOIBTW. 
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In  Raf.  31,  a  "zero  residual  damping"  version  of  the  Implicit  form 
is  used.  In  this  case  the  diffusion  and  anti-diffusion  coefficients  are 
again  equal  but  are  determined  as  functions  of  the  local  Courant  number 
such  that  the  anti-diffusion  (when  not  limited)  exactly  equals  the 
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diffusion.  The  results,  however,  ere  not  ss  good  as  the  original  explicit 
version  with  unifora  coefficients  becsuse  this  choice  of  the  coefficients 


lncresses  the  phase  error  by  about 
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a  factor  of  2: 

Fig.  132.  Result  of  using  Shasta  ZRD  on 
the  square  wave  test.  Implicit  anti- 
diffusion  is  required  for  zero  residual 
daaping  and  v  is  chosen  to  coaplete  the 
square  in  the  squared  amplification 
factor  so  thst  two  equal  implicit  anti¬ 
diffusion  steps  can  exactly  cancel  the 
daaping.  The  Shasta  ZRD  result, 

A.E.  ■  0.66,  is  worse  than  simple  FCT 
algorithm  because  even  though  the 
residual  daaping  is  zero,  the  phase 
properties  are  much  worse  than  in  the 
simpler  Shasta  algorithms.  (Ref.  31) 


The  residual  daaping  remains  with  zero  velocity  in  the  original 
explicit  form  because  the  anti-diffusion  operator  acts  on  the  diffusion 
operator  as  well  as  on  the  convection  operator.  Thus  from  Eq.  (1)  with 
C  »  0  we  have  $n+1  «  (1  +  A)  (1  +  D)6n,  so  that  even  if  the  anti-diffusion 
has  exactly  the  opposite  effect  of  the  diffusion,  l.e.,  A  ”  -D,  we  still 
have  ♦n+1  *  (1  -  D*)$n  at  zero  velocity.  The  implicit  version  avoids 
this,  since  Eq.  (3)  reduces  to 

(1  +  D)»"+1  -  (1  +  D)6"  (4) 

for  zero  velocity  and  A  ■  -D. 

It  is  also  possible  to  construct  an  explicit  form  without  residual 
diffusion  at  zero  velocity  simply  by  basing  the  provisional  solution  on 
only  the  convection  stage.  Thus  Eq.  (1)  is  replaced  by 

•  1(1  +  A)(l  +  C)  +  D)6n  (5) 

with  the  provisional  solution  now  given  by 


-i 

Awi.,  .i 
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Clearly,  ♦°+1  •  If  C  *  0  end  A  ■  -D  In  this  version.  This  for*  was 
introduced  by  Book,  Boris,  and  Ha  in  in  Raf.  28,  and  given  the  naee 
"phoenical  FCT."  implementation  ia  by  flrac  calculating  the  provisional 
solution  fro*  convection  only.  Then  the  anti-diffusion  fluxes  are 
calculated  and  Halted,  all  bai  d  on  the  provisional  solution.  The 
diffusion  flux  is  calculated  fro*  the  previous  tlae  level  solution. 
Finally,  both  the  diffusion  and  ant  i-d  if  fusion  fluxes  are  added  to  the 
provisional  solution  to  produce  the  solution  at  the  new  tlae  level. 

Here  again  the  coefficients  of  the  diffusion  and  anti-diffusion  Bust  be 
taken  to  be  equal  else  residual  diffusion  will  still  remain  at  zero 
velocity.  The  coefficients  do  not  have  to  be  unlfor*,  however. 

Results  for  several  unlfor*  diffusion  strengths  are  shown  below: 


Fig.  133.  Phoenical  SHASTA  (or  Lax-Wendrof f )  with  dif fuslon/antidif fusion 
coefficient  (a)  n  *  0.0;  (b)  n  •  1/16;  n  •  1/8;  (d)  n  •  1/2. 
(Ref.  28) 


Ref.  28  also  gives  results  for  phoenical  FCT  applied  to  the  second-order 
leapfrog  scheme  and  the  first -order  upwind  scheme.  However,  with  equal 
and  uniform  coefficients  of  diffusion  and  anti-diffusion  set  at  1/8  the 
results  do  not  differ  significantly  among  these  schemes  for  convection 
of  a  square  wave. 

Convection  of  a  square  wave  is  a  pi  oblem  to  which  FCT  is  particularly 
well  suited  since  the  flux  limiter  clips  sharp  peaks  as  shown  below: 


Fig.  134.  Results  of  successively  diffusing  and  antidiffusing  the  sharply 

peaked  profile  (a)  20  cycles  with  dlf fuslon/antldlf fusion  coefficient 
n  ■  0.2.  Curve  (b)  is  produced  by  explicit  antidiffusion,  curves 
(c)  and  (d)  (Indistinguishable  on  the  scale  of  the  plot)  by  phoenical 
and  implicit  antidiffusion.  (Ref.  28) 

The  clipping  la  leas  pronounced,  but  still  significant,  for  the  phoenical 
version.  Terraces  can  also  be  formed  on  the  sides  of  steep  gradients  when 
local  extrema  occur  due  to  phase  error  and  thus  activate  the  flux  limiter. 

The  phase  error  of  FCT  applied  to  second-order  schemes  is  second  order. 
This  order  can  be  increased  to  fourth  by  making  the  equal  diffusion  and 
antl-diffuslob  coefficients  functions  of  the  local  Courant  number  as  in 
Ref.  31  .  The  results  of  this  "low  phase  error"  phoenical  version  are 
considerably  better,  as  shown  in  the  following  figure: 
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Fig.  135.  Implicit  and  phoenlcal  loy  phase  error  Shaata  on  the  square  wave 

test  problesi.  Using  v  ■  7(1  -  c^)  in  each  case  reduces  phase  errors 
from  second  order  to  fourth  order  in  k  x,  and  hence,  dispersive 
ripples  are  minimized,  making  the  work  on  the  flux  corrector  much 
easier.  Phoenlcal  antidiffusion  is  not  quite  accurate.  It  does  have 
the  advantage  of  being  local  and  not  requiring  the  solution  of  a 
tridiagonal  system  of  equations  and  is  more  accurate  than  the 
simplest  FCT  algorithms.  (Ref.  28) 

It  is  also  possible  to  go  one  step  further,  of  course,  and  construct  an 
Implicit  phoenlcal  low  phase  error  form,  with  the  overall  operation  represented 

as  ♦**+1  -  ((1  -  A) -1(1  +  C)  +  D]*"  (7) 

with  the  provisional  solution 

(1  -  A)**  -  (1  +  «♦"  (8) 


The  results  are  shown  below: 
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Fig.  136.  Reversible  FCT  algorithm  on  the  square  wave  test.  The  reversible  FCT 
algorithm,  here  with  the  diffusion  coefficient  v  chosen  to  minimise 
phase  errors,  gives  the  lowest  error  of  any  finite-difference 
algorithm  tested  to  date.  A.E.  •  0.033  is  within  50%  of  optimum  and 
8  times  smaller  than  the  donor  cell  value  A.E.  ■  0.260.  (Ref.  28) 

but  the  ImprovMent  Is  not  worth  the  extra  work. 

The  FCT  filtering  wss  applied  in  the  ALFVEN  code  of  Weber,  Boris,  and 
Gardner  (Ref.  221)  using  the  original  flux  limiter.  This  code  will  therefore 
clip  peaks  badly.  The  SHASTA  formulation  using  FCT  was  used  by  Anderson 
in  Raf.  14  in  a  time-split  mode.  ... 


In  Ref.  125,  van  Leer  givea  a  flux  Halter  that  la  aore  compact  than 


that  used  In  the  original  FCT  algorithm  (Ref.  32).  A  comparison  with 
the  FCT  limiter  Is  given  for  convection  of  a  triangular  wave  below: 


Fig.  137.  Convection  of  a  triangular  wave  by  Scheme  III,  using  the 

monotonlclty  algorithm  (74)  (top)  and  the  FCT  algorlth  (72) 
(bottom).  (Ref.  125) 

The  clipping  phenomenon  characteristic  of  monoton It y  algorithms  is 
still  present  but  the  present  limiter  does  give  s  somewhat  smoother 
solution.  This  limiter  Is  used  with  a  system  of  equations  by  van  Leer 
In  Ref.  126.  A  flux  limiter  which  takes  account  of  the  solution’s  history 
Is  given  by  Zaleaak  In  Ref.  227,  as  discussed  below  In  connection  with 
the  hybrid  methods  form  of  FCT. 

Hybrid  Methods 

The  hybrid  method  of  Hartan  and  Zwms  (Ref.  98;  is  formed  by 

taking  the  algorithm  to  be  a  weighted  average  of  a  low-order  method 

and  one  of  higher  order.  The  weight  Is  designed  to  be  0(1)  near 

discontinuities, and  In  smooth  regions  of  order  at  least  equal  to  the 

difference  between  the  order  of  the  high  and  low-order  methods.  The 

weight  (switch)  Is  Incorporated  with  the  fluxes  in  such  a  manner  that 

the  scheme  Is  In  conservative  form.  This  weight  can  be  taken  to  be 

the  ratio  of  a  first-derivative  magnitude  to  the  average  thereof  over 

the  field  raised  to  e  power  equal  to  the  difference  In  order  between 

the  high  and  low-order  methods.  In  the  2D  version  seperate  switches 

CM  be  used  In  the  two  directions,  basing  each  on  the  derivative  In  the 
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given  direction. 

Zelesak  (Ref.  227)  redefine*  FCT  in  e  form  which  la  aasantially 
the  *eae  a*  the  hybrid  aethod  of  Hart  an  and  Zwaa  (Ref.  98).  Thla  form 
la  aa  follow*:  Firat,  the  fluxes  are  computed  on  the  entire  field 
independently  froa  a  low-order  acheme  and  a  high-order  achaae.  An 
"anti-dlffualve"  flux  la  defined  to  be  the  difference  between  theae 
two  fluxea.  A  low-order  provialonal  aolution  1*  computed  by  applying 
the  low-order  flux  to  the  aolution  at  the  prevloua  time  level.  The 
anti-dlffualve  flux  la  then  Halted  at  each  point  auch  that  the  aolution 
at  the  new  c la*  level,  formed  by  the  application  of  thla  anti-dlffualve 
flux  to  the  provialonal  aolution,  will  not  be  beyond  the  combined  range* 
of  neighboring  value*  In  both  the  provialonal  aolution  and  the  aolution 
at  the  prevloua  time  level.  Finally,  the  new  time-level  solution  la 
formed  by  applying  the  limited  anti-diffusion  fluxes  to  the  provisional 
solution,  if  the  entl-diffualon  fluxes  were  not  limited,  the  final 
result  would  be  almply  that  of  the  hlgh-order  schema.  The  differences 
that  arise  between  the  schemes  of  Ref.  222  and  Ref.  98  are  due  only 
to  different  construction  of  the  flux  limiter. 

The  extension  of  theM  steps  to  2D  la  straightforward.  Some  care 
must  be  exercised  In  the  construction  of  the  flux  limiter,  however. 

The  present  flux  limiter  differs  from  that  uaad  In  the  earlier 
version  of  FCl  In  two  significant  ways.  In  the  first  place,  the 
original  form  did  not  allow  the  new  aolution  to  move  beyond  the  range 
of  neighboring  values  In  the  provialonal  solution,  thus,  the  range  of 
neighboring  values  at  the  previous  time  level  was  not  considered.  Sven 
more  significant,  the  original  version  limited  the  flux  at  a  point  based 
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entirely  on  Its  Individual  effect,  not  In  concert  with  the  other  member 
of  the  pair  (in  ID)  of  fluxea  that  affecta  the  aolution  at  each  grid 
point . 

In  ID  the  lack  of  consideration  of  fluxes  acting  in  concert  errs 
on  the  conservative  side  by  cancelling  each  aeaber  of  the  pair  In  the 
cases  when  they  would  push  the  solution  In  the  saae  direction.  Thla  does 
not  carry  over  into  2D,  however. 

The  present  limiter  considers  the  cumulative  effect  of  all  fluxes 
affecting  the  solution  at  a  point.  With  a  maximum  and  alnlaum  permissible 
values  defined  for  the  solution,  leaat  upper  bounds  on  the  fractions 
which  must  multiply  all  anti-diffusive  fluxes  into  and  away  from  each 
grid  point  to  guarantee  that  the  solution  there  does  not  aove  beyond 
the  maximum  or  minimum  are  determined .  At  each  point  this  defines  the 
fraction  of  the  combined  flux  that  can  be  allowed.  Each  individual 
flux  Is  then  multiplied  by  the  minimum  of  the  fractions  determined  for 
all  the  points  affected  by  thla  flux. 

Thla  Is,  in  a  way,  the  reverse  of  the  philosophy  followed  in  the 
original  form.  In  that  case  a  fraction  was  assigned  directly  to  a  flux, 
dependent  on  how  this  one  flux  affected  the  solution  at  the  relevant 
points.  In  the  present  case  the  fraction  Is  assigned  to  the  points, 
dependent  on  the  combined  effect  of  all  relevant  fluxes.  The  difference 
is  subtle,  and  Irrelevant  In  ID,  but  Important  in  higher  dimensions. 

There  rams  ins  the  choice  of  definition  of  the  asulmua  and  alnlmum 
solution  values  to  be  allowed.  A  conservative  choice  is  to  take  the 
maximum  to  be  the  maximum  of  the  provisional  solution  at  the  point  in 
question  and  at  the  adjacent  points,  with  an  analogous  definition  of  the 
minimum.  However,  this  choice  is  essentially  that  used  in  the  original 
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FCT  and  results  In  the  clipping  phenomenon  characteristic  of  the 
original  limiter.  A  less  restrictive  choice  is  to  include  the  solution 
values  from  the  previous  time  level  at  the  same  three  points  in  the 
determination  of  the  extrema.  This  allows  the  new  solution  to  exceed 
the  range  of  the  low-order  provisional  solution  provided  that  it  remains 
within  the  range  of  the  solution  at  the  previous  time  level. 

That  the  new  limiter  reduces  the  clipping  phenomenon  is  evident  in 
the  figure  below: 


Fig.  138.  Same  comparison  as  In  Fig.  3,  but  with  more  accurate  transport 
algorithm  (2-8  leapf rog-trapexoidal) .  Again  note  the  reduced 
clipping  with  the  new  flux  limiter.  (Ref.  227) 

Here  the  high-order  solution  was  a  leapfrog-trapezoidal  scheme  with 
second  order  in  tlmeand  eighth  order  in  space  (Ref.  117).  The  low- 
order  scheme  was  the  donor-cell  procedure  with  zero-order  diffusion 
added,  as  was  common  in  the  original  FCT.  Some  clipping  is  still  present, 
however. 

A  further  reduction  is  possible  in  ID  by  projecting  the  provisional 
solution  values  to  fora  peaks  between  grid  points  and  including  these 
peaks  on  either  side  of  the  point  in  question  in  the  determination  of  the 
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extrema,  as  Illustrated  below: 


\  INTERSECTION 
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Fig.  139.  A  possible  scheme  for  extracting  Information  about  extrema  which 
exist  between  grid  points  at  a  given  point  in  time.  An  extremum 
is  assumed  to  exist  between  grid  points  i  and  i+1  if  the  inter¬ 
section  of  the  rights  and  left-sided  extrapolations  of  wt(*  has  an 
x.  and  x.  . .  The  w  coordinate  of  the  intersect  ion  is  then  used  in 
the  competition  of  w«ax  and  w"1".  (Ref.  227) 


The  results  below  show  considerable  improvement,  with  clipping  virtually 
eliminated. 


Fig.  140.  Same  as  Fig.  136,  except  that  Eq.  (19)  and  (2),  which  utilize  the 

wP“k  computation  illustrated  in  Fig.  139,  are  used  to  compute  w“* 
end  w"*a  in  the  new  flux  limiter.  Values  for  the  old  flux  limiter 
since  they  are  identical  to  those  shown  in  Fig.  138,  are  not  shown. 
Note  that  tha  clipping  has  been  virtually  eliminated.  (Ref.  227) 
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It  la  clear  chat.  In  order  to  elainate  clipping,  aoae  past  history  of 
the  solution  extending  to  Che  sub-grid  level  auet  be  Included  in  the 
llalter . 

The  new  flux  llalter  generalizes  directly  to  higher  dlaenslons. 

The  figures  below  show  results  obtained  for  rotation  of  a  cylinder 
with  a  cut-out  using  a  leapfrog  schaaa  that  is  second  order  in  time  and 
fourth  order  in  space  (Ref.  117)  as  the  high-order  scheae.  The  low-order 
scheme  was  the  same  as  that  used  above.  (The  new  llalter  here  did  not 
include  the  sub-grid  peaks). 


Fig.  141.  Perspective  view  of  Initial  conditions  for  the  two-dimensional 
solid  body  rotetion  problea.  Note  that  only  a  50  x  50  portion 
of  the  aesh  centered  on  the  cylinder  is  displayed.  Grid  points 
inside  the  cyllner  have  w..  ■  3.0.  All  others  have  w,.  *  1.0. 
(Ref.  227)  lJ  « 
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Fig.  142.  Comparison  of  perspective  views  of  the  w  profile  after  157 
Iterations  (1/4  revolution)  with  both  the  old  and  new  flux 
limiters.  The  perspective  view  has  been  rotated  with  the 


cylinder,  so  that  direct  coapariaon  with  Fig.  141  can  be  made. 
Again  we  plot  the  50  x  50  grid  centered  on  the  analytic  center 
of  the  cylinder.  Features  to  coaipare  are  the  filling-in  of  the 
gap,  erosion  of  the  "bridge,"  and  the  relative  sharpness  of  the 
profiles  defining  the  front  surface  of  the  cylinder. 

(Ref.  227) 


143.  Smi  Fl|,  142,  but  tfcir  628  Iterations  (one  full  revolution) 
Again  note  decreased  diffusion  with  new  flux  Halter. 

(kef.  227) 
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The  superiority  of  the  new  flux  limiter  Is  apparent. 


Zalesak  (Ref.  226)  states  that  with  FCT  In  the  form  given  in 
Ref.  222,  Involving  a  combination  of  higher  and  low-order  methods, 
higher  order  of  resolution  as  obtained  in  smooth  regions  and  sharper 
representation  of  discontinuities,  such  as  shocks,  are  also  obtained. 

No  linear  scheme  of  order  higher  than  first  will  preserve  the  monotonlcity 
of  a  step  function. 

Comparisons  of  several  high-order  schemes  in  this  FCT  framework  are 
given  below  for  convection  of  a  square  wave.  The  low-order  scheme  was 
the  donor  cell  first-order  upwind  method  in  each  case: 
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Fig.  144.  The  same  test  as  in  Fig.  117,  but  using  FCT  algor lttms .  The 

"low-order"  and  "high-order"  components  were  selected  from  the 
schemes  shown  in  Fig.  117.  Results  are  shown  using  the  donor  cell 
scheme  as  the  low-order  scheme  and  leapfrog-trapetoidal  schemes 
utilizing  spatial  derivatives  of  second,  fourth,  eighth,  and  six¬ 
teenth-order  accuracy,  respectively  as  the  high-order  schemes. 

Note  that  the  sttnotonicity  of  the  analytic  solution  is  preserved 
in  all  cases,  and  that  there  is  a  marked  increase  in  the  sharpness 
of  the  profile  as  the  order  of  the  spatial  derivatives  is  increased. 

(Ref.  226) 
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Fig.  IAS.  Tests  of  the  linear  advectlon  of  a  square  wave,  as  in  Fig.  117, 
but  using  the  Fourier  pseudo-spectral  approximation  of  spatial 
derivatives  together  with  the  leapfrog-trapezoidal  temporal 
discretization  as  the  "high-order"  scheme.  Shown  are  results 
for  our  pseudospectral-FCT  scheme.  The  L,  error  of  0.0133  is 
the  lowest  ever  seen  by  this  author  for  this  problem.  (Ref.  226) 

Similar  comparisons  for  a  Gaussian  are  shown  next: 
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Fig.  146.  Tests  of  linear  advectlon  using  FCT  elgorithms,  but  this  time 
using  the  sharply  peaked  Geueslan  of  half -width  2  Ax  used  by 
Forester.  The  standard  output  time  (shown  here)  Is  after  600 
time  steps  using  s  Courant  number  vAt/Ax  of  0.1.  We  have  used 
exactly  the  same  four  FCT  algorithms  as  in  Fig.  144.  Again  note 
the  increase  in  accuracy  as  the  order  of  the  spatial  derivatives 
is  increased.  (Ref.  226) 


Clearly  the  combination  of  thla  form  of  FCT  with  higher -order  schemes 
in  apace  is  effective  in  reducing  the  dispersive  error  without  intro¬ 
ducing  significant  dissipation. 

Zalesak  (Ref.  225)  again  suggests  that  the  ultimate  convection 
scheme  may  be  a  very  high-order  scheme  operating  in  the  FCT  framework. 

Chapman  (Ref.  41)  first  calculates  provisional  values  using  a 

higher-order  method,  and  then  uses  these  values  to  determine  the  diffusion 

coefficients  of  first-order  diffusion  terms  to  be  added  to  these  provisional 

values.  The  diffusion  coefficients  are  set  to  0  or  1  according  to  whether 

the  provisional  values  are  beyond  the  range  of  the  local  Lagrangian 

solution,  modified  by  the  effect  of  nonuniform  velocity.  This  is 

accomplished  as  follows.  By  the  characteristic  equation,  the  solution 

value  one  grid  point  at  1  -  1  will  appear  at  some  point  between  this 

point  and  point  i  at  the  next  time  level  if  the  velocity  is  uniform. 

With  nonuniform  velocity  this  value  is  modified  by  the  term,  -♦u^,  which 

is  here  expressed  by  a  central  difference.  Similarly,  the  solution 

value  at  point  1  at  the  previous  time  level  will  appear  at  some  point 

between  this  point  and  the  point  i  +  1  at  the  next  level,  subject  to  the 

nonuniform  velocity  modification.  Therefore,  the  maximum  allowed  for  the 

*  *  * 


provisional  value  at  point  1  is  max  (^  _^, 


(n  n  . 

uk+l  '  Vl\ 
- 2Ax - jAt 


♦i»  61+l>.  where 
k  -  i-1,  i,  i+1 


The  lower  limit  is  Just  the  minimum  of  these  three  values. 

Results  for  this  type  of  switched  dissipation  applied  to  the  Crowley 
second-order  scheme  (Ref.  55,  same  as  the  Lax-Wendrof f )  are  shown  on 
the  following  page  for  convection  of  a  square  wave. 
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Next  a  comparison  la  given  for  convection  of  a  Caussian  of  2 Ax 
half-width  by  the  Crowley  scheme  using  (a)  the  Forester  filter  (Ref.  74) 
set  to  filter  2Ax  wavelengths,  (b)  the  generalized  form  of  FCT  given  by 
Zalesak(Ref.  227)  using  upwind  with  zero-order  diffusion  as  the  lower-order 
method  and  the  original  FCT  limiter  of  Refs.  32,  28,  and  31,  (c)  FCT 
as  above  but  with  the  new  limiter  of  Ref.  227,  and  (d)  the  present  filter. 


Fig.  149.  Gaussian  test  probe,  (a)  Filter  of  Forester;  (b)  FCT,  old  limiter; 
(c)  FCT,  new  limiter.  (Ref.  41) 
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Fig.  150.  Gaussl an  test  problem.  Crowley  second  order  plus  FRAM.  (Ref.  41) 

Of  these,  FCT  with  the  new  1  Latter  Is  Che  best,  and  FCT  with  the  old 
limiter  is  the  worst. 

The  present  scheme  for  uniform  velocity  is  equivalent  to  the 
generalized  version  of  FCT  using  the  upwind  scheme  as  the  low-order 
method,  but  with  the  present  form  of  the  limiter. 

The  next  figure  shows  a  comparison  of  the  schemes  mentioned  above 
for  a  square  wave  in  a  nonuniform  velocity  field.  Also  shown  is  FCT 
with  the  new  limiter  and  using  the  upwind  scheme  as  the  low-order  method. 


€ 

Fig.  151.  Test  problem  2.  (a)Forester's  algorithm;  (b)  FCT  algorithm,  low- 
order  upwind  +1/8;  (c)FRAM  plus  Crowley.  (Ref.  *D 
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Fig .  152.  Teat  caae  2.  FCT  new  Halter,  low-order  flux  upwind.  (Ref.  41) 

The  upwind  scheme  la  a  better  choice  for  uae  with  FCT,  and  the  preaent 
scheme  gives  easentially  the  aaae  results  aa  thla  fora  of  FCT.  The  peak 
aaplltude  for  the  dlatribution  of  thla  problem  aa  given  by  the  numerical 
solution  la  shown  next. 


Tire 

Pig.  153.  Peak  pulse  amplitude  as  a  function  of  t laa  for  >u/3x  <  0. 
(Ref.  41)  200 


Hare  FCT  with  upwind  tor  th«  lover -order  aathod  wa»  •■■■at tally 
coincident  with  th«  r •suits  of  th«  present  schaea. 

The  construction  of  tha  prssant  f  11  tar  In  2D  Is  sin  liar  to  that 
in  ID,  with  9  •  u  raplacing  in  tbs  Modification  of  tha  Lsgranglan 
valocltlas  uaad  to  sat  tha  Halts.  Fiva  points  ars  now  usad  to  fora 
tha  Halts.  In  tha  figura  below  tha  unflltarad  results  ara  coaparad 
with  those  of  tha  present  schsas  and  FCT  using  upwind  as  the  low-order 
aathod  for  a  square  wave.  Hera  the  FCT  was  applied  separately  la  aach 
direction. 


Fig.  154.  Contour  plot  for  second-order  convective  schaaa,  *  “  14.5, 

4.  -  -1.94.  (*af.  41) 

■  III 
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The  fourth-order  kImm  used  was  chat  of  Froam  (Ref.  72),  which  la  a 
two-stage  method  with  tha  atone  11a 


and  the  flux  at  1  +  1/2, j,  for  example,  evaluated  on  the  atencll 

2D 


The  present  scheme  la  said  to  require  fewer  operations  than  FCT. 

Waveform  Filters 

In  Ref.  74,  Forester  constructs  a  nonlinear  filter  based  on  the 
addltlonof  second-order  artificial  diffusion  with  the  diffusion 
coefficients  set  to  0  or  1  according  to  a  test  for  slope  sign  continuity 
on  either  side  of  a  point.  At  each  point  where  the  sign  of  the  slope 
(the  difference  In  the  solution  between  grid  points)  changes,  a  range  of 
N  points  on  either  side  is  examined  for  additional  slope  changes.  If  any 
are  found,  the  coefficients  are  set  to  1  at  the  central  point  and  at  M 
points  on  each  side.  Here  N  Is  chosen  to  span  one-half  of  the  wavelength 
of  the  longest  waves  to  be  filtered.  Thus  2 Ax  waves  sre  filtered  for 
H  •  1,  A Ax  and  shorter  waves  for  H  -  2,  etc.  The  value  of  H  is  taken 
to  be  less  than  that  of  N,  half  the  largest  even  Integer  equal  to  or 
lass  than  M  being  a  typical  choice.  The  fUtar  can  be  extended  to  longer 
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wavelength*  also  by  repetitive  application,  and  thla  waa  found  to  be 
•ore  effective  than  Increasing  N  for  waves  longer  than  10 Ax  when  higher- 
order  algorithms  are  used.  Repetition  until  none  of  the  diffusion 
coefficients  Is  set  to  1  will  produce  a  aonotonic  scheme.  Several 
coaparlaons  of  results  using  this  filter  have  been  given  on  p.  163-166. 

Zhmakln  and  FUrsenko  (Ref. 228  )  use  a  selective  filter  that 
operates  by  setting  a  diffusion  coefficient  different  froa  zero  at 
■id-points  located  In  an  N  wave  to  produce  a  aonotonic  nethod.  A 
coaparlson  with  other  Methods  Is  shown  below  for  a  triangular  wave: 


rig.  139.  Rote  that  unlike  algorithms  (1.6)  -  (1.7)  with  smoothing  by 

(1.8)  -  (1.10)  the  solution  Is  not  distorted  at  all  la  regions 
of  nonotonlc  variation  of  the  parameters,  lftef.226) 
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Dispersion  is  reduced,  but  there  is  considerable  dissipation. 

Shapiro  (Ref.  187)  gives  a  filter  baaed  on  repetitive  applications 
of  the  basic  smoothing  operator,  with  the  coefficient  used  at  each 

repetition  chosen  so  that  wavelengths  below  a  certain  value  are  strongly 
damped  while  longer  waves  are  hardly  damped  at  all.  This  filter  is 
shown  to  be  equivalent  to  adding  an  art  if  leal  viscosity  of  order  2N  given 
by 


2N 

(_1'  5  XX 


The  2D  fore  is 


2N  2M 

*(-l)M+N(f)  <f>  O'y 


The  cross-terms  are  necessary  to  preserve  the  highly  selective  character 
of  the  filter. 

McRae,  Goodin,  and  Seinfeld  (Ref .  1*8  )  discuss  several  types  of 
filters  designed  to  prevent  negative  concentration.  The  simplest  approach 
is  simply  to  reset  any  negative  concentration  to  zero.  This  procedure 
will  violate  mass  conservation,  however.  Mshlman  and  Sinclair  (Ref.1-8  ) 
take  the  concentration  to  zero  from  the  downstream  cell.  A  comparison 
of  these  two  filters  with  the  Forester  filter  (Ref.  74)  set  to  filter 
all  wavelengths  less  than  8Ax  is  given  for  a  square  wave  on  the  page  following. 
The  Forester  filter  is  clearly  superior. 
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Fig.  160.  Application  of  difference  schemes  to  maintain  concentration 
poaltlvlty.  (a)  Original  linear  finite  element  eolutlon. 

(b)  Abeolute  value  |c|.  (c)  Downstream  borrowing,  (d)  Nonlinear 

filter.  (Kef.  146) 


Implicit  Fllttri 

Pepper,  Kern  end  Long  (Kef.  160)  uee  en  Implicit  filter  of  the 
fora  (4y*  -  <»«*)♦  -  .where  4  Is  the  eolutlon  being  filtered  end 

a  le  e  perimeter  to  be  eet.  The  2 Ax  wevee  will  elweye  be  denped  out 
coaplecely,  end  the  r eng e  of  filtering  extends  to  higher  wevelengthe  ee 
the  pereneter  a  lncreeees.  Typlcel  operetlon  le  to  epply  the  filter 
efter  e  certeln  number  of  time  etepe.  Results  from  eppllcetlon  to 


convection  to  e  rot  sting  cosine  hill  ere  shown  below: 


•  •  SI  Mf|  M  tu, 


Fig.  161.  Effects  of 
filtering  on  e  cosine 
hill  distribution  et 
2 it  revolutions  by 
using  chepeeu 
functions  with 
AX  -  AY  -  2500  m. 
(Ref.  160) 
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Alpert  (Ref.  12)  gives  an  implicit  filter  requiring  a  tridiagonal 


solution: 

(1  -  +  2(1  +  “)?j  +  (1  -  a)»J+1  ’  'j_!  +  2^j  +  ♦ 

The  2Ax  waves  are  completely  eliminated  and  the  smoothing  of  longer 
waves  is  determined  by  a.  This  filter  has  somewhat  less  damping  than 
the  explicit  filter  at  the  lower  wavelengths  and  a  bit  more  at  the 
higher.  However,  this  Implicit  filter  is  sharper  than  the  explicit. 

The  Implicit  filter  Is  made  sharper  by  reducing  a,  while  it  is  necessary 
to  add  more  points  to  sharpen  the  explicit  filter.  It  Is  possible  to 
set  the  implicit  filter  such  that  there  Is  less  damping  than  the  explicit 
for  all  waves  of  Interest,  while  still  completely  removing  the  2 Ax  waves. 

Khosla  and  Rubin  (Ref.  11%;  replace  the  convective  velocity  with  a 
three-point  weighted  average  of  the  form 


“i+l  +  ui-l  +  101 1 


which  is  of  order  u^.  In  general  k  can  assume  any  value  greater 
than  -2.  The  filtering  effect  decreases  to  zero  as  k  becomes  very  large. 


Artificial  Viscosity 


In  Ref.  127,  van  Leer  determines  the  minimum  artificial  diffusion 
necessary  to  stabilize  some  second-order  methods.  This  artificial 
diffusion  is  found  to  be  proportional  to  the  square  of  the  Courant  number. 
This  topic  is  continued  by  van  Leer  in  Ref.  122  where  it  is  noted  that 
the  minimum  artificial  diffuaion  for  second-order  methods  corresponds  to 
that  in  the  Lax -Wend ro f f  method.  Also  determined  is  the  minimum  amount 
for  montonlcity,  this  corresponding  to  the  first-order  Godunov  method 


*■  i 


There  are  no  linear  monotonlc  schemes  higher  than  first  order. 

The  question  of  monotonicity  Is  further  pursued  by  van  Leer  In 
Ref.  123,  and  Fromm's  second-order  composite  scheme  (Ref.  72),  formed 
as  an  average  of  schemes  with  lagging  and  leading  phase  error,  is  made 
monotonlc  through  the  inclusion  of  nonlinear  feed-back  terms.  The 
dissipation  is  naturally  increased,  but  oscillations  are  eliminated  in 
the  monotonic  form.  The  scheme  retains  its  formal  second  order,  however. 

Slrinivas,  Gururaja,  and  Prasad  (Ref.  194)  give  a  first-order 
scheme  based  on  the  addition  of  the  local  minimum  amount  of  first-order 
artificial  viscosity  to  a  second-order  central  difference  scheme  required 
to  ensure  stability  locally.  This  scheme  is  related  to  the  first-order 
van  Leer  scheme  of  Ref.  72  and  the  first-order  Rusanov  scheme  (Ref.  184). 

The  scheme  does  not  guarantee  monotonicity,  and  extra  viscosity  must  be 
added  near  shocks.  The  Lapldus  form  of  third-order  artificial  viscosity 
was  used  hy  Sod  in  Ref .  191 . 

Strauss  (Ref.  205)  notes  that  the  use  of  second-order  artificial 

viscosity  based  on  the  difference  of  the  diagonal  averages  across 

a  square  cell  in  2D,  as  given  by  Chan,  is  equivalent  to  using 

26  -  6..,  instead  of  6  ,  for  the  artificial  viscosity,  where  6..  has 

xx  dd  xx ’  '  dd 

the  same  form  of  6^  but  rotated  45*.  This  nine-point  form  has  less 
damping  for  long  waves  than  the  usual  five-point  form,  while  still 
eliminating  the  2 fix  mode. 

Dukowlcz  and  Ramshaw  (Ref.  62)  Introduce  a  multiple-dimension 
tensor  artificial  viscosity  based  on  representat ion  of  the  second  time 
derivative  in  the  Taylor  series  expansion  in  terms  of  spatial  derivatives 
through  differentiation  of  the  differential  equation  without  assuming  uniform 
velocity.  Actually  only  the  part  of  this  term  involving  second  derivatives 
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of  Che  concentration  is  used.  The  resulting  scheae  Is  first  order. 

Chin  and  Hedstroo  (Ref.  44)  show  that  It  is  better  to  add  an 
artificial  viscosity  to  a  nond lsslpat ive  scheae  than  to  use  a  scheae 
with  built-in  dissipation. 

Sod  (Ref.  191)  found  that  with  high-order  methods  using  the 
appropriate  high-order  artificial  viscosity  term,  the  coefficient  of 
numerical  diffusion  was  so  large  that  the  tiae  step  was  Halted  to 
prohibitively  small  values.  A  third-order  artificial  viscosity  was 
the  largest  that  could  be  used. 


VI.  TIME-SPLITTING 


One-dimensional  schemes  can  be  applied  to  higher  dimensions  In  a 
sequence  of  properly  factored  atepa.  It  la  alao  possible  to  Include 
physical  diffuaion  In  succession  to  convection  in  this  Banner. 

Multiple  PlBenalona 

Since  tlae-spllt  methods  operate  as  a  sequence  of  ID  aethoda,  this 
approach  achieves  maximal  stability  properties  because  the  amplification 
matrix  is  a  product  of  matrices  each  of  which  is  derived  from  a  ID  scheme« 
so  that  the  stability  requirements  are  those  of  the  individual  ID  scheme. 

Strang  introduced  the  sysanetric  product  form  of  time-splitting  which 
preserves  the  order  of  second-order  methods  in  Ref.  203,  in  the  form 

Lx(-y-)  Ly(At)Lx(4p) .  Earlier,  Strang  (Ref.  201)  had  proposed  the  sum 

of  products  form,  i[L  (At)L  (At)  +  L  (At)L  (At)].  The  symmetric  product 
z  X  y  y  X 

form  requires  fewer  operations  than  the  earlier  form. 

Several  generalizations  and  extensions  of  Strang-type  splittings  are 
given  by  Gottlieb  in  Ref.  82  for  any  number  of  dimensions.  *11  of  these 
schemes  are  symmetric  in  some  sense  and  preserve  the  second  order  of  the 
component  ID  schemes.  For  ease  of  understanding,  these  schemes  are  given 
below  for  three  dimensions,  the  generalizations  to  higher  dimensions  and 
the  specialization  to  2D  being  easily  inferred. 

The  first  scheme  was  originally  given  by  Strang  (Ref.  201)  and  has 
the  form 

Li  ‘  IT  ^iYk 

where  l.j.fc  represent  cyclic  permutations  of  the  indices  x,y,z,  and  the 
summation  extends  over  all  permuatlons  (six  terms). 
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The  new  general Irat Iona  Introduced  by  Gottlieb  follow.  In  each 


caae  obvloua  varlationa  are  possible: 


k  k  k  k 
L2  •  K  Ly  LzLy  Lx 


At 


where  the  superscript  Indicates  the  use  of  -y  In  the  ID  operator 


L3  '  2(L*LyLz  +  L,LyV 


The  2D  forms  of  both  of  the  above  two  schemes  were  also  Introduced  by 
Strang,  In  Ref.  2°3  and  Ref.  201,  respectively.  The  3D  versions  of 
both  of  these  schemes  were  originally  given  by  Gourlay  and  Morris 
j(Ref.  86).  Finally  any  synetrlc  combination  of  portions  of  the  above 
two  schemes  Is  also  a  valid  second-order  scheme .  For  example,  the 
following  scheme  was  considered: 


l«  "  v* + 

Other  possibilities  are  easily  Inferred. 

The  first  scheme,  L^,  Is  grossly  inefficient  compared  with  the 
others,  requiring  about  1/3  more  operations  In  2D  and  three  times  as 
many  In  3D.  The  second  scheme,  Lj,  Is  the  most  efficient,  requiring 
3/4  as  many  operations  as  the  other  two  in  2D,  and  5/6  as  many  In  3D. 

The  stability  of  all  the  schemes  is  that  of  the  Individual  ID  components, 
a  feature  characteristic  of  aplitting  methods,  laplementat Ions  of  the 
schemes  Lj  and  Lj  In  3D  were  glvan  by  Gourlay  and  Morris  (Ref.  86) 
and  are  repeated  by  Gottlieb.  An  implementation  of  the  scheme  is  also 
given  by  Cottllab. 

Ellon,  Gottlieb,  and  Zwms  (Ref.  65)  found  the  Strang  symmetric 


k  k 

splitting  (Ref.  201,  203)  of  the  fora  L’  l/j  to  be  aore  efficient  then 
several  split  and  unsplit  methods  for  2D. 

Burstein  and  Mir  in  (Ref.  35)  give  another  second-order  symmetric 
splitting  based  on  combination  of  splittings  given  by  Strang: 


4(l>  L  +  L**  LlS  -  i(L  L  tLl) 
J  xyx  y  x  y'  6  xy  y  x 

Of  more  Interest,  a  third-order  splitting  ia  given: 


I  I  I  I 

|  L3  L3  L3  L3  -  i  L  L 
oxyxy  Bxy 


where  each  ID  operation  is  third  order.  It  ia  alao  shown  that  any  third- 
order  splitting  must  Involve  six  ID  operations. 

Norcholsn,  Ref.  149,  uses  the  time-split  approximate  factorization 
procedure  with  the  residual  evaluated  in  a  pseudospectral  manner,  while 
using  difference  expressions  in  the  matrices  multiplying  the  solution 
change  in  the  delta  form.  Approximate  factorization  time-split  ferms  are 
given  by  Beam  and  Warming  in  Ref.  24  which  are  second  order  in  time,  and 
in  space  are  second  or  fourth-order  central  or  second-order  one-sided. 

Multiple  Processes 

The  use  of  convection  followed  by  diffusion  is  considered  in  some 
detail  by  Plronneau  in  Ref.  165.  McRae,  Goodin,  and  Seinfeld  (Ref.  146) 
use  symmetric  time. split ting  for  a  reacting  flow,  with  the  chemical  step 
in  the  middle. 

Numerical  Considerations 

Some  forms  of  time-splitting  can  Introduce  error  either  because 
the  combined  steps  do  not  reproduce  the  difference  equations  axactly  or 
because  the  intermediate  steps  are  not  consistent  approximations  of  the 


difference  equations.  Error  of  the  first  sort  occurs,  for  Instance, 
when  terns  of  the  order  of  tha  temporal  truncation  error  are  added  to 
the  difference  equations  In  order  to  factor  the  aquations  Into  a  product 
of  ID  difference  operators.  This  type  of  error  la  no  real  problem  with 
the  small  tine  steps  of  explicit  Methods,  since  tha  fontal  order  of  the 
difference  approximation  Is  not  altered.  It  can  be  significant,  however, 
with  the  large  time  steps  allowed  In  Implicit  methods.  The  other  kind 
of  error  results  from  Che  fact  that  the  proper  expression  of  the  boundary 
conditions  Is  not  clear  if  the  Intermediate  steps  are  not  consistent 
approximations  of  Che  time-dependent  equations.  Both  of  these  types 
of  error  In  splitting  methods  are  discussed  by  Dwoyer  and  Thames  In 
Ref.  63,  and  procedures  for  removing  these  sources  of  error  are  given. 

Courlay  and  Morris  (Ref.  85)  discuss  the  formulation  of  immediate 
boundary  condition  for  the  time-split  methods  given  by  Strang  (Ref.  203). 

The  use  of  explicit  boundary  conditions  in  implicit  schemes  was  found 
to  be  satisfactory. 

Abarbanel  and  Gottlieb  (Ref.  2)  note  that  the  locally  one-dlmanslonal 
splittings  that  have  been  in  common  use  in  explicit  methods,  such  as 
the  MacCormack  method,  are  not  optimal  in  stability  when  mixed  derivatives 
are  Involved.  They  show  that  the  optimal  splitting  involves  a  split 
into  a  hyperbolic  part  (convective  terms),  a  parabolic  part  (double 
second  derivatives)  in  each  direction  and  a  mixed-derivative  part.  In 
2D  there  are  thus  five  distinct  factors  in  Che  split.  A  symmetric  product 
of  these  factors  then  preserves  second  order  in  space  and  time.  This  has 
no  bearing  on  pure  convection  problems,  of  course,  since  the  mixed  derivatives 
arise  from  the  diffusion  terms. 

In  Ref.  105,  van  der  Houwen  discusses  general  multi-stage  splittings 


to  construct  iterative  solutions  for  lapllclt  methods.  In  particular, 
the  increase  In  order  from  that  of  the  Initial  guess  toward  that  of  the 
difference  approx imat ion  is  covered.  It  is  shown  that  the  formal  order 
of  the  difference  approximation  can  be  reached  in  finite  number  of 
iterations  but  stability  considerations,  sod  accuracy  at  finite  it,  may 
require  tighter  convergence. 


VII.  VARIOUS  CONSIDERATIONS 


Stability 

Stability  In  the  linear  sense  Is  analysed  by  substitution  of  elementary 
waveforms  Into  the  difference  equation,  as  has  been  mentioned  earlier. 
Explicit  mat  hod  a  will  have  limitations  on  the  Courant  number,  which 
become  more  restrictive  as  the  number  of  dimensions  increases.  This 
decrease  In  stability  In  multiple  dimensions  can  be  circumvented  by 
time-splitting  as  noted  above.  Some  other  considerations  follow  In 
t?  Is  section. 

Cerrlty  (Ref.  79)  shows  that  the  second-order  Lax -Wend  r  of  f  method 
can  exhibit  a  nonlinear  Instability  which  is  associated  with  the  separation 
of  solutions  on  alternate  grid  points.  Robert,  Shuman,  and  Gerrlty  (Ref.  173) 
discuss  nonlinear  Instability  and  recosssend  time-averaging  as  a  control. 

Griffiths,  Christie,  and  Mitchell  (Ref.  92)  show  that  error  can 
became  arbitrarily  large  after  a  finite  rnaber  of  t  lme  steps  even  though 
it  ultimately  decays  to  zero.  Thus  the  accuracy  of  the  steady-state 
solution  may  not  necessarily  be  a  good  Indication  of  that  of  the  transient 
solution.  It  is  also  noted  that  the  von  Neumann  method  of  stability 
analysis  is  more  Indicative  of  stability  at  finite  time  than  is  the 
spectral  radius  approach. 

Piacsek  and  Williams  (Ref.  164)  show  that  the  difference  form 

(u^x  “  (ui+Ji  *1*1  -  Ui-H  *i-if  ♦i-i)2to  (1> 

Is  more  stable  than  the  form 

<“♦>*  ■  luW*i+l  +  *1>  -  «!-%<♦!  +  ♦i-l>)/2A*  <2) 

The  first  of  these  differs  from  the  second  by  subtraction  of  the  term 
♦l(«i+J|  -  ui  if>/2Ax,  which  la  a  type  of  mass  residual  correction  (being 
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zero  when  continuity  is  satisfied  In  the  2D  case). 

Zalesak  (Ref.  225)  notes  that  ZIP  differencing  of  fluxes,  l.e., 
representing  (u$)x  as 

(u$)x  •  [(“♦)1+j<  "  (u^^J/Ax  (3) 

with 

(“♦)i+Ji  -  **(Vi+i  +  ui+iV  (*> 

is  equivalent  to  expanding  the  product  derivative  and  then  representing 
each  of  the  derivatives  by  central  differences: 


(u$)x  -  u$x  +  ux$ 

“  ul(*i+l  -  ♦l-l)/2Ax 

+  ^i<Ui+l  "  “i-l)/2Ax  (5) 

An  alternate  representation  uses  averages  of  the  product: 


<“♦>!+*  *  «Vi  +  “i+l*i+l> 


(6) 


The  truncation  error  of  the  average-of -product  fora  contains  both  odd 
and  even  derivatives,  while  that  of  the  ZIP  fora  has  only  odd  derivatives. 

The  formal  order  is  the  same  in  each  case.  The  presence  of  the  even 
derivatives  in  the  truncation  error  of  the  average-of -product  form 
results  in  numerical  diffusion  which  may  be  negative  and  hence  destabilizing. 
A  third  fora,  product-of-average,  is  given  below: 

‘  7<ui  +  ui+l)(ti  *  W  <7) 

This  form  is  actually  the  average  of  the  above  two  forms,  and  hence  also 
has  the  even  derivatives  in  its  truncation  error,  though  half  those  of 
the  average-of -product  form.  Thus  the  ZIP  form  can  be  expected  to  be 
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the  Most  stable  of  the  three,  and  the  avarage-of -product  the  leaat  atable. 

The  greater  stability  of  the  product-of-averaga  fora  relative  to  that 
of  the  average-of-product  fora  was  noted  by  MacCoraack  (kef.  136)  and 
by  Grasaeltvedt  (Ref.  S7). 

Higher-order  ZIP  representations  require  only  higher-order  representation 
of  the  derivatives  In  the  expanded  product  derivative.  Specific  verslona 
up  to  sixth  order  are  given  by  Zalesak  In  Ref.  225. 

MacCracken  and  Bornatein  (Ref.  137)  show  that  flux  is  better  represented 
on  nonunlfora  grids  by  averaging  the  contravarlant  velocity,  i.e., 
averaging  the  product  of  the  geoaetrlc  tern  and  the  velocity,  than  by 
using  the  product  of  the  Individual  averages. 

Gresho  and  Lee  (Ref.  90)  argue  that  the  answer  to  oscillations, 
often  called  wiggles,  that  result  froa  dispersion  errors  and  are 
Induced  by  boundary  condition a  and  at  discontinuities  In  the  solution 
or  grid.  Is  to  refine  the  grid,  rather  than  to  use  aethods  with  large 
nuaerlcal  dissipation.  The  use  of  centered  tlae  fores,  l.e.  Crank- 
Nlcholson,  la  also  suggested.  Oscillations  In  tlae  are  said  to  be 
Indicative  that  the  tlae  step  Is  too  large.  The  oscillations  that  occur 
with  central  differences  for  all  Reynolds  numbers  above  2  can  be  suppressed 
by  going  to  upwind  differencing.  However,  In  that  case  the  solution 
becoaes  essentially  Independent  of  the  cell  Reynolds  number  for  the  larger 
values  thereof  and  hence  only  represents  a  solution  with  an  effectively 
Increased  diffusion,  l.e.,  that  injected  by  the  nuaerlcal  aethod  rather 
than  the  physical  diffusion. 


Curvilinear  Coordinate  Syifi 


Numerical  grid  generation  haa  now  become  a  fairly  common  Cool  for 
use  In  the  numerical  solution  of  partial  differential  equations  on 
arbitrarily  shgped  regions.  This  Is  especially  true  In  computational  fluid 
dynamics,  from  which  came  much  of  the  Impetus  for  the  development  of  this 
technique,  but  the  procedures  are  equally  applicable  to  all  physical 
problems  that  Involve  field  solutions. 

Numerical  grid  generation  Is  basically  a  procedure  for  the  orderly 
distribution  of  observers  over  a  physical  field  In  a  way  that  efficient 
communication  among  the  observers  Is  possible  and  all  physical  phenomena 
on  the  entire  continuous  field  may  be  represented  with  sufficient  accuracy 
by  this  finite  collection  of  observations.  This  technique  frees  the 
computational  simulation  from  restriction  to  certain  boundary  shapes 
and  allows  general  codes  to  be  written  in  which  the  boundary  shape  is 
specified  simply  by  input.  The  boundaries  may  also  be  In  motion,  either 
as  specified  externally  or  in  response  to  the  developing  physical  solution. 
Similarly,  the  observers  may  adjust  their  positions  to  follow  gradients 
developing  In  the  evolving  physical  solution.  In  any  case  the  numerically 
generated  grid  allows  all  computation  to  be  done  on  a  fixed  square  grid 
in  the  computational  field.  (Computational  field  refers  to  the  space  of 
the  curvilinear  coordinates,  l.e.,  where  these  coordinates  serve  as 
independent  variables,  rather  than  the  cartesian  coordinates.  This  field 
Is  always  rectangular  by  construction  as  explained  In  Ref.  209.) 


The  area  of  numerical  grid  generation  la  relatively  young  in  wide¬ 
spread  practice,  although  its  roots  in  mathematics  are  old.  This  area 
involves  the  engineer's  feel  for  physical  behavior,  the  mathematician's 
understanding  of  functional  behavior,  and  a  lot  of  imagination,  with 
perhaps  a  little  help  from  Urania.  The  physics  of  the  problem  at  hand 
must  ultimately  direct  the  grid  points  to  congregate  so  that  a  functional 
relationship  on  these  points  can  represent  the  physical  solution  with 
sufficient  accuracy.  The  mathematics  controls  the  points  by  sensing  the 
gradients  in  the  evolving  physical  solution,  evaluating  the  accuracy  of 
the  discrete  representation  of  that  solution,  cosmwnicatlng  the  needs 
of  the  physics  to  the  points,  and,  finally,  by  providing  mutual  communication 
among  the  points  as  they  respond  to  the  physics. 

The  basic  techniques  Involved  then  are  as  follows: 

(1)  a  means  of  distributing  points  over  the  field  In  an  orderly 
fashion,  so  that  neighbors  may  be  easily  identified  and  data 
can  be  stored  and  handled  efficiently. 

(2)  a  means  of  comsninlcatlon  between  points,  so  that  a  smooth 
distribution  la  maintained  as  points  shift  their  positions. 

(3)  a  means  of  representing  continuous  functions  by  discrete  values 
on  a  collect  ion  of  points  with  sufficient  accuracy,  and  a  means 
for  evaluation  of  the  error  in  this  representation. 

(4)  a  means  for  communicating  the  need  for  a  re-distribution  of 
points  in  the  light  of  the  error  evaluation,  and  a  means  of 
controlling  this  re-dlstrlbutlon. 

It  should  be  borne  In  mind  that  the  requirements,  e.g.,  smoothness, 
orthogonality,  etc.,  that  must  be  met  by  the  grid  are  ultimately  determined 
by  the  numerical  algorithm  to  be  run  on  the  grid.  Thus,  at  the  same 
time  that  effort  la  made  to  generate  better  grids,  a  like  effort  should 
be  made  to  develop  hosted  algorithms  that  are  more  tolerant  of  the  grids. 

Considerable  progress  haa  been  made  in  the  past  decade,  especially 
in  the  last  few  years,  toward  the  development  of  these  techniques  and 


and  toward  casting  then  in  forms  that  can  be  readily  applied.  A  compre¬ 
hensive  survey  of  procedures  and  applications  through  1981  has  been 
published  (Ref.  212),  and  two  conferences  specifically  on  the  area  of 
numerical  grid  generation  have  been  held,  the  proceedings  of  which  have 
been  published  (Ref.  189  and  210).  Some  expository  papers  are  included 
in  the  latter  proceedings  (Ref.  210)  which  can  serve  as  an  introduction 
to  the  area.  A  later  review  and  correlation  is  given  in  Ref.  211. 

Derivative  Representations 

Derivatives  of  a  function  may  be  approximated  on  a  discrete  grid 
either  by  interpolation  or  by  mapping.  In  the  first  case  the  function 
is  approximated  directly  in  the  physical  region  by  an  interpolation 
function  which  matches  the  given  function  at  certain  grid  points.  This 
interpolation  function  then  is  differentiated,  and  the  derivative  is 
evaluated  at  the  point  in  question.  The  resulting  difference  expressions 
are  simple  on  uniform  grids,  but  are  usually  complicated  on  nonuniform 
grids,  and  may  have  to  be  rederlved  as  different  grid  configurations  occur. 
This  is  especially  troublesome  in  higher  dimensions. 

In  the  mapping  method,  the  derivative  in  the  physical  region  (with 
respect  to  the  cartesian  coordinates)  is  transformed  analytically  to  be 
expressed  in  terms  of  derivatives  in  the  transformed  region  (with  respect 
to  the  curvilinear  coordinates)  and  the  metric  coefficients,  l.e.,  the 
derivatives  of  the  cartesian  coordinates  with  respect  to  the  curvilinear 
coordinates  (cf .  Ref.  209).  The  derivatives  in  the  transformed  region  are 
then  evaluated  from  an  interpolation  function  as  discussed  above.  Since 
the  grid  in  the  transformed  region  is  uniform  by  construction,  the  resulting 
formulas  are  straightforward.  Grid  configurations  and  higher  dimensions 
present  no  problems  in  this  procedure,  since  the  trsnsf onset  ion  relations 
account  for  the  general  case  through  the  metric  coefficients.  However, 
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the  accuracy  of  the  difference  repreaentatlon  obtained  by  the  napping 
method  depends  on  the  smoothness  of  the  grid,  as  well  as  on  chat  of 
the  given  function,  as  discussed  in  the  following  subsection. 

Nonunlfom  Grid  -  Exact  Metric 

With  the  sapping  method,  the  truncation  error  in  a  difference 
representation  is  dependent  not  only  on  the  higher  derivatives  of  the 
solution  that  appear  in  the  coefficients  of  the  Taylor  series  expansion, 
but  also  on  the  distribution  of  the  grid  points,  as  reflected  by  the 
appearance  of  the  metric  coefficients,  i.e.,  derivatives  of  the  cartesian 
coordinates  with  respect  to  the  curvilinear  coordinates.  Therefore,  as 
is  discussed  in  Ref.  212  and  further  in  Ref.  142,  the  formal  order  of 
accuracy  of  difference  expressions  may  be  reduced  as  the  coordinate  system 
departs  from  uniform  spacing  or  from  orthogonality.  There  are  thus 
elements  of  the  truncation  error  that  arise  from  the  rate-of -change 
of  the  grid  spacing,  and  sudden  transitions  between  regions  of  fine  and 
coarse  grids  can  Introduce  significant  error  into  the  numerical  solution, 
in  the  form  of  a  numerical  diffusion  which  may  even  be  negative  and 
hence  destabilizing.  This  effect  has  been  mentioned  by  a  number  of 
Investigators,  but  there  still  does  not  seem  to  be  a  complete  awareness 
of  this  need  for  smoothness  in  the  grid. 

As  an  example  of  this  effect,  consider  the  one-dlmsnslonal  transfor¬ 
mation  of  the  first  derivative  fx:  f^  ■  f^/x^  d) 

Now  if  f ^  is  represented  by  the  usual  two-point  central  difference 
expression,  the  leading  term  of  the  truncation  error  of  f^  will  be 
1  2 

7  f,,,A£  .  However,  it  is  clear  that  will  cancel  from  a  difference 
representation  of  the  above  expression  for  f^,  and  therefore  may  as  well 
bg.  taken  to  be  unity.  (This  cancellation  is  reflected  also  in  the  terms 


of  Che  truncation  error,  since  a  multiplication  of  C  by  any  constant  will 


leave  all  terms  inversely  proportional  to  that  constant,  e.g., 

2  1 

f^^AC  '  — .  The  division  by  that  occurs  in  the  expression  for  f^  will 
then  cancel  the  constant) . 

Therefore  it  is  not  correct  to  ascribe  second-order  to  the  central 

2 

difference  expression  on  the  basis  of  the  appearance  of  AC  in  the  leading 

term  of  the  truncation  error.  In  fact,  the  truncation  of  the  Taylor 

series  expansion  at  this  term  is  not  even  Justified  without  further 

consideration.  The  crux  of  the  matter  is  that  truncation  error  is  not 

properly  expressed  in  terms  of  derivatives  of  the  solution  with  respect 

to  the  curvilinear  coordinates  since  such  derivatives,  unlike  the  cartesian 

derivatives,  are  grid-dependent.  All  derivatives  in  the  Taylor  series 

must  therefore  be  transformed  back  to  the  physical  plane  before  a  meaningful 

expression  of  the  truncation  error  can  be  obtained. 

For  the  above  one-dimensional  example,  the  transformed  expression 


of  fW(  is 


xc«£*  +  3V«fx* 


terms  of  the  Taylor  series  would  Involve  odd  derivatives  of  f  and 
successively  higher  total  number  of  £-d if f erent lat Ions  of  x.  (All 
the  terms  with  even  derivatives  of  f  with  respect  to  £  vanish.;  In 
general,  therefore,  all  of  the  terms  of  the  series  must  be  retained. 

The  severity  with  which  the  rate  of  change  of  spacing  Is  limited  can 

be  seen  from  the  fact  that  the  first  term  In  the  expressions  above 

100  X£££ 

causes  a  percentage  error  In  f^  of  — .  If  the  percentage 

increase  in  x^  from  one  point  to  the  next  la  a,  then  the  percentage 

2 

error  In  f^  from  this  term  is  approximately  a  /600.  This  means  that 
an  81  increase  in  spacing  will  cause  a  error,  while  a  241  increase 

in  spacing  will  lead  to  a  11  error.  Doubling  the  spacing  at  each  point 
will  produce  a  171  error  in  f^  just  from  this  term  alone. 

The  crucial  point  then  is  how  the  higher  derivatives  of  x  are  related 
to  x^.  For  the  truncation  error  to  be  formally  second  order  in  general, 
these  higher  derivatives  must  be  proportional  to  the  corresponding 
powers  of  xf  ,  i.e.,  x^^  '  x^,  where  x^j  indicates  the  q-derivative  of 


x  with  respect  to  £.  With  this  relationship  we  have  x 


££ 


x^  and 


xac/xt  '  X(_  in  the  leading  term,  and  in  the  succeeding  terms  the  products 
involving  a  total  of  n  differentiations  with  respect  to  £  will  be  of  order 
x".  These  succeeding  terms  will  thus  be  of  order  greater  than  2  in  x^ , 
and  therefore  the  series  can  be  truncated  after  the  lead  tern  shown  above. 
The  representation  is  then  second  order.  The  above  condition  thus  assures 
the  retention  of  order  on  a  nonuniform  grid  in  general.  In  fact,  if 
x^j  '  xP.  where  p  ^  q,  then  the  order  of  the  difference  representations 
will  be  degraded  by  q-p  on  the-nonuniform  grid. 

If  the  spacing  increases  by  a  fraction  n  at  each  point,  we  have, 
approximately,  x^j  '  It  is  then  sufficient  to  have  a  '  x^  to  get 

second  order.  This  can  be  accomplished,  with  correct  dimeneionallty. 


>.  ft*?* 
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if  a  -  x^/At,  where  Ax(  is  the  total  range  of  x  In  the  field.  Thus 
second  order  is  assured  in  general  if  the  fractional  change  in  spacing 
is  limited  to  the  ratio  of  the  spacing  to  the  total  distance  over  the 
field. 

This,  however,  is  not  the  case  for  some  commonly  used  point  distributions. 
For  Instance,  consider  the  exponential  distribution 


eaC  -  1 

x(t)  -  x:  +  (x2  -  Xl)  - 


(4) 


e  -  1 

where  [x  ,  x^]  is  the  range  of  x,  and  [0,1]  is  that  of  C.  Then 


X2-Xla«,ea  t  q-1,2,... 


(5) 


(q)  eal  .  j 


so  that  x^j  '  a<,-1x^.  If  the  slope,  S,  is  specified  at  C  -  0  we  have 


c  x2  -  X1 
s  *  — 7  “ 

e  -  1 


(6) 


which  determines  the  parameter  o. 

Now  there  are  two  ways  of  looking  at  order  on  a  nonuniform  grid. 

For  a  difference  representation  to  be  q-order,  the  truncation  error  must 

go  to  zero  with  the  spacing,  x^,  as  x£.  From  the  above  expressions  for 

the  minimum  spacing,  S,  it  is  clear  that  x^  can  be  driven  to  zero  either 

by  adjusting  the  parameter  o  with  a  fixed  number  of  points,  or  by  increasing 

the  number  of  points,  I,  with  fixed  a.  Since  the  latter  case  ties  no  effect 

on  the  paremeter  a,  we  have  x^j  ‘  x^  as  +  0  In  this  case,  and  in  this 

sense  of  order  all  the  difference  representations  are  inconsistent.  In 

the  other  sense  we  make  S,  and  therefore  x^,  approach  sero  by  having  a 

approach  infinity.  In  this  case,  a  varies  as  in  for  small  S,  so  that 

as  the  spacing  approaches  sero  we  ha  vs  x,  .  '  (4n  ,  so  that 

iqJ  */■  4 


all  difference  expressions  are  Inconsistent  in  this  sense  elso. 


In  the  first  tens  of  the  truncation  error  npression,  (3),  for 

2 

the  first  derivative,  we  have  x^^/x^  *  a  .  This  tern  alone  will  cause 

2 

a  (100/6)  (a  )  percent  error  In  f^.  That  these  Halts  are  meaningful 

Is  evidenced  by  the  fact  that  the  f  term  In  the  leading  tern  of  the 

2 

truncation  error,  (3),  cauaea  a  0.11  error  in  f  when  a  -  0.6/100, 
which  corresponds  to  a  ainlaua  spacing  of  9Z  of  the  average  spacing 
for  50  points.  With  aore  points  the  situation  improves  somewhat ,  with 
the  0.12  error  occurring  for  a  ainlaua  spacing  of  about  0.42  of  the 
average  for  100  points.  Thus  the  exponential  distribution  Is  not  a 
reasonable  choice  for  cases  In  which  the  spacing  Is  to  have  a  wide 
variation  over  the  field. 

The  determination  of  a  point  distribution  function  for  which  the 
order  of  difference  representations  will  be  retained  on  the  nonunlfora 
grid  is  the  subject  of  Ref.  217.  The  conditions  obtained  are  less 
restrictive  on  the  change  In  grid  spacing  then  those  given  above,  but, 
unlike  the  above  conditions,  are  dependent  on  the  solution  being  done 
on  the  grid.  The  results  can  be  understood  by  consideration  of  the 
truncation  error  for  a  first  derivative,  using  first-order  derivatives  with 
respect  to  the  curvilinear  coordinates: 


(7) 


Here  the  second  term  Is  first  order  in  any  case.  For  the  first  term 


which  are  Che  conditions  obtained  in  Ref.  217.  It  should  be  noted  that 
the  second  of  these  conditions  implies  a  lower  limit  on  the  spacing,  x^ . 

In  the  saae  way  for  the  truncation  error  with  second-order  derivatives 
with  respect  to  the  curvilinear  coordinates,  (3),  to  be  second  order  we 
must  have 


XJSL 
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£  XXX 


The  first  of  these  is  satisfied  with  least  restriction  on  the  grid 
by  requiring 


2  fx 
x^  and  x^  '  - — 


These  conditions,  together  with  the  conditions  already  imposed  for 

2 

first  order,  (8),  are  sufficient  to  make  x  ff  '  xff  also.  Therefore, 
the  conditions  for  second  order  are 


V 


x*  *_*_ 


-  JL_ 

X  ,  X 

XX 


and 


(9) 


which,  again,  are  those  obtained  in  Ref.  217.  The  development  of  these 
conditions  In  Ref.  217  follows  a  more  abstract  line  which  does  not  require 
derivation  of  the  actual  truncation  error  expression. 

The  generalization  to  arbitrary  higher  order,  Q,  is  now  clear: 


<q) 


x.  and  x 


q-i  -  !*_ 


[(q) 


q  -  2,3, 


(10) 


where  the  subscript,  (q) ,  on  x  indicates  differentiation  with  respect  to 
the  curvilinear  coordinate,  while  that  on  f  indicates  dif ferentidtlon 
with  respect  to  the  cartesian  coordinate.  For  higher  derivatives,  P, 
the  conditions  for  order  Q  are  the  saae  as  the  above  except  that  q  ranges 
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up  to  Q  +  P. 

Several  distribution  functions,  x(C) ,  with  specified  slope  (grid 
spacing)  at  one  end  and  zero  curvature  at  the  other  are  evaluated  In 
Ref.  217  in  regard  to  satisfaction  of  the  parts  of  the  above  conditions 
that  depend  only  on  the  grid.  This  evaluation  Is  based  on  examining 
the  behavior  of  the  ratio,  x^/x^,  as  the  specified  slope  approaches 
zero.  Although  this  ratio  becomes  unbounded  for  all  the  functions 
considered,  some  functions  yield  a  logarithmic  approach  to  infinity, 
and  thus  will  have  this  ratio  of  much  lower  order  at  small  non-zero 
spacing  than  will  functions  for  which  the  approach  to  Infinity  is  stronger. 
Functions  producing  this  stronger  approach  to  Infinity  will  provide  the 
specified  small  spacing  at  the  clustered  end,  but  will  leave  the  other 
end  seriously  depleted  of  points.  In  this  respect,  the  hyperbolic 
tangent  and  the  error  function  were  found  to  be  satisfactory,  with  the 
former  having  a  lower  value  of  the  ratio  at  any  given  slope.  The 
exponential,  sine.  Inverse  tangent,  and  Inverse  hyperbolic  sine  were  all 
unsatisfactory.  These  results  apply  also  to  functions  with  individually 
specified  slope  at  each  end  and  no  curvature  specification. 

Also  considered  are  functions  having  the  zero  curvature  at  the  end 
with  the  specified  slope.  Among  these  functions,  the  hyperbolic  sine 
was  satisfactory,  while  the  tangent.  Inverse  sine,  and  inverse  hyperbolic 
tangent  were  not.  These  results  apply  also  to  functions  having  the  slope 
and  zero  curvature  specified  at  a  common  Interior  point. 

With  zero  curvature  specified  at  one  end,  the  hyperbolic  sine 

function  gives  a  more  sparse  point,  distribution  at  the  uncluetered  end 

than  does  the  hyperbolic  tangent  function  for  the  same  specified  slope. 

The  maximum  value  of  the  ratio  x,  , /x,  occurs  at  the  unclustered  end 

vq7  5 
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with  the  former  end  at  the  clustered  end  with  the  latter.  Therefore, 
aside  from  consideration  of  the  solution  derivatives,  the  hyperbolic 
sine  would  have  the  lower  truncation  error  at  the  clustered  end.  For 


expression  for  the  firat  derivative,  ve  have  by  the  Taylor  expansion 


ft  a  *1+1  ~  fl-l 
xc  2xe 


■~{fx(2x^  +  x^  +  ..)  +  other  tana  (11) 


If  x.  In  the  denoalnator  la  evaluated  analytically  we  have  for  the  firat 
1  *£££ 

ten,  fx(l  +  j  ~  ),  which  ylelda  the  firat  ten  of  the  truncation 
error  discussed  above.  However  if  x^  In  the  denominator  is  evaluated 
by  the  central  difference  expression 


xe  a  2<xi+i  '  Xi-i)  "  xe  +  6  xe«  + 


(12) 


we  will  have  for  the  firat  ten  above. 


f*(2*,  + 


£  +  7  X£££+  •”) 

4 - p-444- -  -  f_  exactly 


2(*{  +  6  X£££+  " '*) 

Thus,  if  the  derivative  x^  In  the  expression  fx  -  f^/x^  la  evaluated 
by  the  sane  difference  expression  used  for  f^,  rather  than  by  analytic 
evaluation,  then  the  f  ten  disappears  fro*  the  truncation  error. 

Thus,  even  though  analytical  expressions  for  the  aetrlc  coefficient 
■ay  be  available,  it  is  still  generally  better  to  evaluate  the  aetrlc 
coefficients  by  the  difference  representations  used  for  the  dependent 
variables.  This  point  is  also  noted  in  Ref.  217.  Ref.  114  gives  an 
exaaplc  of  a  case  when  such  nuaerlcsl  evaluation  gave  saoother  results 
than  analytical  evaluation. 

He » .orthogonal  It  y 

The  general  two -dimensional  case  can  be  analysed  by  the  same 
procedures  used  above,  transfonlng  all  derivatives  of  the  dependent 
variable  with  respect  to  the  curvilinear  coordinates  that  appear  In 
the  truncation  error  into  derivatives  with  respect  to  the  cartesian 
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coordinates.  The  order  is  preserved  with  the  nonuniform  spacing  In  Che 
physical  field  provided  the  higher  derivatives  of  the  cartesian  coordinates 
with  respect  to  the  curvilinear  coordinates  are  proportional  to  powers 
of  the  first  derivatives  of  a  total  degree  equal  to  the  total  order  of 
the  derivative. 

In  this  case  an  additional  element  of  the  error  due  to  departure 
from  orthogonality  appears  In  the  following  form  for  a  sheared  one- 
dlmenslonal  system: 

-xcccot0(i  f^cote  ♦  fxy)  (13) 


where  0  Is  the  angle  between  the  coordinate  lines.  Thus  for  formal  second 

2 

order  It  Is  necessary  that  x^cotS  '  x  .  Note  that  this  condition  will 
be  satisfied  when  x^  '  xj?,  as  already  required  for  formal  second  order 
above,  provided  the  departure  from  orthogonality  Is  less  than  45*. 
Reasonable  departure  from  orthogonality  Is  therefore  of  little  concern 
when  the  rate-of-change  of  grid  spacing  Is  reasonable. 

Large  departure  from  orthogonality  may  be  more  of  a  problem 
at  boundaries,  where  one-sided  difference  expressions  are  needed. 

Therefore,  grids  should  probshly  be  made  as  nearly  orthogonal  at  the 
boundaries  as  Is  practical,  as  has  been  mentioned  earlier. 

Conservative  Forms 

When  the  partial  differential  equations  to  be  solved  on  the  grid 
are  differenced  In  conservative  form,  It  is  possible  for  the  metric 
coefficients  to  Introduce  spurious  source  terms  into  the  equations,  as 
has  been  noted  In  several  works  cited  In  Ref.  212  and  discussed  also  In 
Ref.  209  and  196  .  This  occurs  because  In  the  conservative  form,  the 
metric  coefficients  era  brought  Inside  the  difference  operators,  and 
If  the  differencing  of  these  coefficients  does  not  result  In  txact  numerical 
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satisfaction  of  the  aetric  Identities,  then  non-vanishing  terms  will 
remain  In  the  expressions  of  the  gradients  of  uniform  physical  quantities 
These  aetric  identities  are  obtained  from  the  differential  equations 
when  the  dependent  variables  are  all  uniform. 

This  effect  is  illustrated  aiaply  by  consideration  of  the  following 
conservative  and  non-conservative  forms  of  a  first  derivative: 

fx  '  “  Hyn  '  W  <1A) 

If  f  is  uniform  the  non-conservative  form  clearly  glvea  a  vanishing 
t%.  However,  this  is  not  the  case  with  the  conservative  form  unleaa  the 
differencing  is  such  that  Cy^)^  *  (y^)^  nu**tic*11y •  ln  particular, 

if  the  metric  coefficients  are  evaluated  analytically,  this  identity 
will  not  be  satisfied  numerically  when  these  coefficients  are  differenced. 
(This  is  true  even  ln  the  simple  case  of  cylindrical  coordinates.) 

This  illustrates  the  important  fact,  also  alluded  to  above,  that  it  is 
not  how  accurately  the  metric  coefficients  are  evaluated  chat  is 
Important,  but  how  accurate  are  the  overall  difference  expressions. 

This  effect  extends  also  to  metric  identities  between  spare  and 
time  differences  when  the  grid  is  t ime-dapendent .  Here  the  conservative 
difference  form  of  the  continuity  equation  .will reduce  to  a  metric 
identity,  which  involves  the  time  derivative  of  the  Jacobian,  when  the 
dependent  variable  is  uniform.  If  this  identity  is  not  satisfied 
exactly,  this  equation  becosies  an  evolutlonequation  for  the  Jacobian. 

It  thus  may  be  necessary  to  evaluate  the  Jacobian  from  this  equation,  rather 
than  directly  from  the  coordinate  derivatives,  for  use  la  some  places 
in  the  equation,  while  the  direct  evaluation  lsused  in  othera.  Several 
relevant  referamcea  are  cited  la  Raf.212. 


It  is  possible  in  many  cases  to  achieve  exact  numerical  satisfaction 
of  the  metric  identities  through  careful  attention  to  the  differencing 
and  the  evolution  of  the  metric  coefficients.  As  noted  above,  these 
coefficients  should  be  expressed  by  differences,  not  analytically.  The 
metric  coefficients  should  be  evaluated  directly  from  coordinate  values 
wherever  they  are  needed.  The  metric  oefflclenta  should  never  be 
averaged,  since  use  of  average  values  will  almost  certainly  result  In 
lack  of  satisfaction  of  the  metric  Identities.  Values  of  the  coordinates 
at  points  between  the  grid  points  Chat  are  needed  to  construct  difference 
expressions  that  will  satisfy  the  metric  Identities  can  be  obtained 
by  averaging  between  the  grid  points.  Another  alternative  Is  to  generate 
a  coordinate  grid  with  twice  as  many  points  In  each  direction  as  are  to 
be  used  in  the  physical  solution.  In  Ref.  185  this  direct  evaluation  of 
the  metric  coefficients  at  all  points  needed  in  the  difference  expressions 
did,  in  fact,  eliminate  problems  with  the  metric  Identities. 

The  exact  satisfaction  of  the  identities  becomes  more  difficult  In 
three  dimensions  and  In  schemes  Involving  higher-order  operators  or 
unaymmetrlc  difference  expressions.  When  exact  satisfaction  Is  not 
achieved,  the  effects  of  the  spurious  source  terms  can  be  partially 
corrected,  as  discusaed  In  Ref.  196,  by  subtracting  off  the  product  of 
the  metric  Identities  with  either  a  uniform  solution  or  the  local 
solution.  The  former  amounts  to  using  a  kind  of  perturbation  form,  while 
the  latter  Is,  In  effect,  expansion  of  the  product  derivatives  involving 
the  metric  coefficients  and  retention  of  the  supposedly  vanishing  terms, 
thus  putting  the  equations  Into  a  weak  conservation  law  form.  Subtraction 
of  the  product  with  the  uniform  free  stream  solution  was  used  In  Ref.  34, 
because  of  the  difficulty  In  satisfying  the  metric  Identities  exactly  with 


flux  vector  splitting  which  involves  directional  differences. 

Finally,  Zalesak  (Ref.  226  and  .225)  states  that  nonunifora 
grids  are  beat  handled  by  coordinate  transfornat ion.  Claent,  Ref.  49, 
discusses  the  matching  of  difference  scheaes  across  grid  interfaces 
using  overlapping  points.  Browning,  Krelss,  and  Oliger  (Ref.  33) 
note  that  waves  that  are  poorly  represented  on  a  coarse  grid  will  change 
phase  speed  when  passing  through  an  interface  to  a  finer  grid. 


VIII.  CONCLUSION 


The  computer  simulation  of  convection  of  concentration  profiles  having 
lsrge  gradients  requires  a  numerical  scheme  that  has  very  low  dispersion, 
so  that  phase  errors  are  reduced,  and  also  low  dissipation,  so  that  con¬ 
centration  peaks  are  not  eroded.  Baker  (Ref.  17)  notes  that  the  dispersion 
inherent  In  the  difference  representations  is  the  dominant  source  of  error 
in  convection  problems. 

In  finite  difference  solutions  the  true  phase  can  be  approximated 
accurately  only  for  the  longer  wavelengths,  cf.  Turkel  (Ref.  214)  and 
Gottlieb  and  Turkel  (Ref.  84).  It  is  thus  more  Important  that  a  scheme 
have  small  dispersion  at  longer  wavelengths  than  at  the  shorter  wavelengths. 
The  Inaccurately  represented  shorter  wavelengths  are  of  little  significance 
and  are  appropriately  damped  or  filtered  to  preserve  stability.  The 
shortest  wavelength  mode,  l.e.,  2 Ax ,  that  can  appear  on  the  grid  is,  in 
fact,  stationary  for  all  difference  methods  (Fromm,  Ref.  74),  and  therefore 
must  be  damped.  Dissipation  thus  should  be  largest  at  the  shorter  wave¬ 
lengths.  Ideally  a  scheme  should  be  highly  selective  In  damping  or  filtering 
only  the  shortest  wavelength  present . 

Several  investigations  have  indicated  that  there  Is  no  point  in 
searching  for  lower-order  schemes  with  sufficiently  good  phase  quality 
and  sufficiently  small  dissipation  to  represent  the  convection  of  strong 
concentrations  over  long  time.  It  is  necessary  to  use  higher-order  methods 
with  appropriate  filtering  of  only  the  shortest  wavelengths.  As  noted 
by  Forester  (Ref.  74),  higher-order  schmses  can  handle  steeper  gradients 
without  introducing  spurious  oscillations,  l.e.,  computational  noise.  The 
steeper  the  gradient,  the  higher  the  order  that  is  required.  Both  the 
amplitude  and  the  wavelength  of  the  noise  decrease  as  the  order  increases. 


The  amplitude  Increases  with  Che  solution  gradients.  The  wavelength 
increases  with  the  Courant  number. 

Since  small  phase  error  is  of  greatest  Importance,  higher-order 
schoaes  should  be  used.  An  increase  in  order  seems  to  be  more  effective 
than  an  Increase  In  the  number  of  grid  points,  cf.  Williamson  and  Browning 
(Ref. 223).  Similarly,  in  finite  element  methoJs  an  increase  In  nodal 
continuity  is  more  effective  than  an  increase  in  nodes,  cf.  Sobey 
(Ref.  190).  However,  extensions  to  continuity  of  second  derivatives  seems 
to  be  beyond  the  point  of  diminishing  returns  with  finite  elements. 

With  no  physical  diffusion  present,  symmetric  space  differences  can 
lead  to  spatial  oscillations,  often  called  "wiggles,"  near  sharp  gradients 
when  the  cell  Reynolds  number  exceeds  2.  This  la  due  to  a  nonlinear 
Instability  that  is  essentially  Independent  of  the  Courant  number,  cf. 

Ref.  124.  These  oscillations  occur  with  implicit  methods  as  well  as  with 
explicit.  These  oscillations  can  be  suppressed  by  using  methods  with 
large  artificial  dissipation,  but  this  effectively  lowers  the  Reynolds 
number  of  the  solution.  It  has  been  shown  by  several  investigators  that 
proper  grid  resolution  can  remove  these  oscillations  without  adding 
dissipation.  Monotonlc  schemes,  cf .  Kholodov  (Ref. 112)  and  van  Leer  (Ref.) 
suppress  the  oscillations  but  at  the  expense  of  unacceptable  dissipation. 

Fromm  (Ref.  72)  notes  that  dissipation  Is  absent  from  time-centered 
schemes.  However,  since  short  wavelength  components  are  never  represented 
accurately,  there  must  be  some  dissipation,  either  inherent  or  artificial, 
to  damp  these  components,  unless  the  physical  problem  contains  sufficient 
diffusion  to  suppress  the  oscillations  that  result.  First-order  upwind 
differences  damp  the  oscillations  quite  effectively,  but  are  entirely  too 
dissipative  for  use  In  modeling  convection  of  strong  concentration  gradients 


As  noted  by  Leonard  In  Ref.  130,  higher-order  polynomial  interpolation 
methods  are  progressively  less  diffusive,  and  odd-order  methods  tend  to 
be  less  dissipative  than  adjacent  even-order  methods.  Dispersion 
depends  on  the  odd  derivatives  in  the  truncation  error,  while  dissipation 
results  from  the  even  derivatives.  In  general,  odd-order  methods  are 
more  dissipative,  and  even-order  methods  are  more  dispersive.  The  increased 
dispersion  of  the  even-order  methods  becomes  worse  at  smaller  Courant 
numbers. 

The  phase  error  of  the  odd-order  schemes  reverses  sign  at  a  Courant 
number  of  1/2,  leading  at  the  lower  values,  while  even-order  schemes  have 
a  phase  lead  for  all  values.  Lagging  phase  errors  cause  oscillations 
behind  strong  gradients,  with  upstream  skewing  of  concentration,  while 
leading  errors  have  the  opposite  effect.  Both  dissipation  and  dispersion 
generally  decrease  with  increasing  order.  Dispersion  generally  increases 
with  the  Courant  number  especially  for  the  even-order  schemes  which 
have  very  low  damping  at  low  Courant  number,  cf .  Davies  (Ref.  58).  The 
use  of  symmetrically  placed  points,  as  in  Chan  (Ref.  39),  eliminates  all 
even  derivatives  in  the  truncation  error  (with  uniform  velocity)  and 
hence  removes  the  dissipation  even  with  an  upwind  bias. 

In  many  schemes.  Improvements  in  phase  error  are  accomplished  at 
the  price  of  tighter  limits  on  the  time  step,  although  there  are  exceptions. 

In  linear  problems  the  effect  of  dissipation  on  the  phase  error  is  not 
independent  of  the  dissipation  introduced  by  the  scheme.  Ttirkel  (Ref.  214) 
notes  that  correct  boundary  treatment  is  less  important  for  phase  quality 
than  it  is  for  stability.  One  way  that  higher-order  schemes  can  be  constructed 
is  through  the  use  of  successive  lower-order  stages  as  in  Abarbanel  and 
Cot tl lab  (Ref.  3)  and  Reddy  (Ref.  169). 


For  methods  that  are  of  equal  ordar  in  both  space  and  tlae,  tha 
dispersion  and  disalpatlon  generally  dacraaae  aa  tha  t lae  step  Increases, 
cf.  Turkel,  Abarbanel  and  Cottllab  (Ref.  216).  This  la  not  nacaaarlly 
true  when  the  teaporal  order  la  leas  than  the  spatial.  Bara  tha  optlaal 
tine  step  aay  depend  on  the  error  tolerance  and  on  tha  wevelengtha 
present  in  the  solution.  T lae  step  selection  is  thus  aore  aiaple  with 
equal  order.  At  high  frequencies  the  unequal  taaporal  and  spatial  ordar 
methods  are  at  a  disadvantage. 

In  many  cases  with  explicit  methods,  however,  there  Is  less  need 
for  increased  order  in  time  than  there  is  in  space,  cf.  Turkel  (Ref.  215), 
and  higher-order  methods  in  tine  are  more  complicated  algor lthas  requiring 
more  work  per  tlae  -  .ep.  The  results  of  Forester  (Ref.  74)  and  others 
show  that  both  dlsperalon  and  diaaipation  can  be  controlled  by  the 
spatial  order  alone,  with  little  effect  froa  the  teaporal  order.  In 
fact,  Fisk  (Ref.  69)  notes  that  the  spatial  oscillations  occur  even  in 
schemes  in  which  tine  Is  treated  continuously.  These  oscillations 
occur  as  readily  in  Implicit  aethoda  aa  in  explicit,  cf.  Hirsh  and  Rudy 
(Ref.  102).  For  explicit  methods,  where  the  t lae  step  la  Halted  by 
stability,  high  teaporal  order  is  needed  only  when  high  frequency  physical 
phenomena  are  involved . 

The  tine  step  should  be  chosen  snail  enough  that  the  teaporal  and 
spatial  errors  are  about  equal,  cf.  Turkel  (Ref.  215),  so  that  the  low 
spatial  error  is  not  swaaped  by  the  teaporal.  It  scene  to  be  aore 
effective  to  restrict  the  Courant  nuaber  to  being  leas  than  unity  from 
accuracy  considerations,  and  hence  there  is  little  point  in  using  Implicit 
methods,  cf.  Fischer  (Ref.  66).  With  implicit  aethoda  the  taaporal  and 
spatial  orders  should  be  the  sane  if  the  larger  tine  steps  that  are 
possible  with  such  aethoda  are  to  be  used.  Generally,  the  combination 
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of  a  small  t  lac  step  and  high  a  pat  lal  order  seema  to  be  the  Boat  effective 
In  reducing  dlaperaion  while  atlll  maintaining  enough  dlaalpatlon  at  lower 
wavelengthe,  cf.  Gottlieb  and  Turkel  (Ref.  84). 

Essentially  Infinite  spatial  order  la  attained  by  the  spect  r»  1  and 
pseudo spectral  aethods,  cf.  Orscag  (Ref.  154)  and  Gaadag  (Ref.  77),  but 
these  aethods  are  still  coapllcated  and  not  as  versatile  as  other  aethods. 

The  pseudospectral  aethods  are  faster  than  the  spectral  aethods. 

Fischer  (Ref.  68)  Indicates  that  the  achievement  of  higher  order 
through  an  Increase  In  the  nuaber  of  dependent  variables,  i.e.,  use  of 
Heralte  Interpolation  to  produce  coapact  schemes,  rather  than  an  Increased 
nuaber  of  grid  points  seeas  to  be  aore  effective.  This  is  confirmed  by 
Holly  and  Prelsaaun  (Ref.  104)  in  regard  to  both  accuracy  and  ease  of 
application.  The  results  Improve  with  Increasing  Courant  number.  Sobey 
(Ref.  190)  states  that  compact  methods  are  more  effective  In  resolving  the 
shorter  wavelengths.  The  representation  of  boundary  conditions  nay  be 
easier  in  operator  coapact  methods,  cf.  Clment,  Lev  ent  ha  1  and  Weinberg 
(Ref.  50),  than  in  other  coapact  methoda,  since  the  Individual  higher 
derivatives  do  not  have  to  be  represented,  but  these  methods  tend  to  be 
more  complicated  overall. 

Gottlieb  and  Turkel  (Ref.  84)  state  that  phase  error  for  Infinite 
spatial  order  with  second-order  time  Is  ebout  the  some  as  with  fourth- 
order  space.  In  general,  fourth-order  methods  In  space  are  much  more 
efficient  than  second-order  methods.  Order,  per  se,  is  not  slwmys  a  complete 
measure  of  sccuracy  sines  the  higher  multiplying  derivatives  Involved 
may  be  large.  With  shocks  blghsr-ordsr  schemes  offer  no  real  advantage 
at  the  shock,  since  all  schemas  are  basically  first  order  In  the  shock 
region.  The  higher  order  Is  still  effective,  however.  In  the  smooth  regions. 

) 


Decreasing  the  tine  step  greatly  Increases  the  phase  error  for  second- 
order  space,  second-order  time  methods,  but  decreases  the  phase  error 
for  fourth-order  apace.  Also,  decreasing  the  dissipation  of  a  scheme 
does  not  necessarily  Increase  the  accuracy.  In  aany  cases  it  may  be 
■ore  desirable  to  decrease  the  phase  error  than  the  dissipation. 

Dissipation  say  be  reduced  overall  by  alternating  dissipative  and 
non-d  laslpat  Ive  schemes.  Both  phase  error  and  dissipation  generally 
decrease  as  order  Increases.  Claent,  Leventhal  and  Weinberg  (Ref.  50) 
note  that  aany  nodal  problems  have  shown  that  higher-order  methods 
significantly  decrease  the  storage  and  computer  tiae  required  for  a 
desired  accuracy,  since  fewer  grid  points  are  required  with  higher  order. 
This  Is  conf  lraorf  by  Turkel,  Aberbanel,  and  Gottlieb  (Ref.  216),  especially 
for  more  complicated  equations  and  for  smaller  error  tolerance.  For  a 
given  order,  more  grid  points  per  wavelength  will  be  required  the  longer 
the  tiae  of  the  simulation.  It  should  be  noted  that  the  use  of  Hermlte 
Interpolation,  splines,  and  Fade  appro* last  ions  can  all  be  made  to 
produce  the  sane  overall  representations  on  uniform  grids.  However,  certain 
useful  relationships  may  not  be  obtained  in  some  approaches,  cf.  Rubin 
and  Khosla  (Raf.  180). 

Symaetrlc  schemes  tend  to  be  more  dispersive  than  upwind-biased 
schemes,  and  this  effect  becomes  more  pronounced  at  lower  Courant  numbers. 
The  use  of  an  upstream  bias  and  odd -ordered  schemes  improves  the  phase 
properties,  as  noted  by  Chan  (Raf.  39),  Davies  (Ref.  58),  Fischer  (Ref.  68), 
van  Leer  (Raf.  124),  Holly  and  Prelssman  (Ref.  104),  and  others.  In 
Ref.  125,  van  Leer  states. that  all  second-order  properly  upstream-centered 
schemes  have  maximum  dissipation  and  taro  phase  error  at  Courant  number  1/2. 


The  simplest  extensions  to  multiple  dimensions  is  through  time- 
splitting  (cf.  Turkel,  Ref.  215).  Time-splitting  does  not  reduce  the 
spatial  order,  nor  does  it  Increase  the  dispersion.  Larger  time  steps 
are  made  possible  by  the  factoring  into  one-dimensional  forms.  It  My 
be  desirable  to  time-split  the  convective  terms  from  the  diffusion  terms, 
using  implicit  schemes  for  the  latter  (cf.  Gottlieb  and  Turkel,  Ref.  84). 
Van  Leer  (Ref.  126  and  121) also  recommends  that  higher  dimensions  be 
treated  by  time- split  ting  unless  the  temporal  order  is  higher  than  two. 
Time-splitting  requires  that  there  be  a  time  derivative  in  each  equation. 

It  is  also  recommended  that  diffusion  be  included  through  time-splitting, 

l.e.,  by  convecting  and  then  diffusing  the  solution. 

Reference  should  be  made  directly  to  the  comparisons  given  in  the 
foregoing  text,  especially  in  regard  to  higher-order  methods  and  filters. 
The  following  list  provides  a  summary  of  some  desirable  features  of 
schemes  for  convection  of  strong  concentrations  using  general  curvilinear 
coordinate  systems: 

1.  Explicit,  with  Courant  number  well  below  unity. 

2.  Second  order  in  time. 

3.  At  least  third  order  in  space,  preferably  odd  order.  Order 
higher  than  third  may  be  necessary,  but  order  beyond  fifth 
is  probably  past  the  point  of  diminishing  returns. 

4.  Compact  diffarence  expressions. 

5.  Upwind -bias. 

6.  Symmetric  time-splitting  into  ID  schemes  (factoring). 

7.  Strong,  sharp  filter  on  aaallast  noise  wavelengths. 

8.  Non-orthogonal  grid,  but  skewness  not  too  great.  Orthogonal 
at  boundary. 

9.  Grid  lines  concentrated  in  regions  of  large  gradients,  but 
spacing  not  changing  too  rapidly. 

10.  Dynamically  adaptive  grid  coupled  with  evolving  physical  solution. 
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Some  particular  schemes  of  lntarast  ara  listed  balov  (without  ranking). 
Theae  schemes  do  not  axhibit  all  of  tha  daalrabla  propart laa,  ao  rafaranca 
should  be  aade  to  the  apeclflc  dlacuaalona  In  the  text. 

Davies  third  and  fifth-order  acheaiea  (p.  62) 

Chan  fourth  and  aixth-order  achsaca  (p.  69) 

Leonard  third-order  QUICKEST  achaae  (p.  73) 
van  Leer  third-order  III  and  V  acheaea  (p.  78) 

KacCormack-type  fourth-order  achaae  (p.  85) 

Reddy  fourth-order  acheaea  (p.  90) 

Holly  and  Preiasaan  fourth-order  achaaea  (p.  98) 

Sobey  finite  eleaent  scheme  5  (p.  102) 

Baker  finite  eleaent  acheae  (p.  139) 

Foreater  quint ic  spline  achaae  (p.  158) 

The  results  of  Forester  (p.204)  and  Zaleaak  (p.186)  show  clearly 
that  very  low  dispersion  and  dlsaipation  can  be  achieved  by  using  a  high- 
order  scheae  with  a  filtering  procedure  for  reaovlng  the  ahort  wavelength 
coaputational  noise. 

The  best  course  then  seaas  to  be  either  (1)  to  couple  a  high-order 
achaae  with  one  of  low  order  in  the  hybrid  fora  of  FCT  (p.185),  using  the 
flux  Halter  that  takes  account  of  past  history  (p.187),  or  (2)  to  use  a 
hlgh-ordar  scheae  with  the  Forester  wavelength  filter  (p.204).  In  either 
case  the  high-order  achaae  should  have  vary  low  dissipation  end  dispersion. 
The  low-order  achaae  in  the  FCT  framework  should  be  very  dissipative  and 
probably  should  aiaply  be  first-order  upwind.  As  noted  above,  the  high- 
order  scheae  should  be  coapact  with  upstream  bias  and  preferably  odd  order. 

The  hybrid  form  nay  be  better  in  principle  than  the  filtered  form, 
however ,  the  hybrid  form  must  use  a  flux  limiter  baaed  on  past  history. 


else  the  dissipation  will  be  too  large  for  long-term  Integrations,  and 
such  a  limiter  is  somewhat  Involved  for  multiple  dimensions.  The  filtered 
form  Is  more  straightforward  to  Implement,  and  therefore  might  be  preferable 
from  a  practical  standpoint  at  present. 

Of  the  schemes  mentioned  above,  those  of  van  Leer,  Holly  and  Prelssaan, 
Baker,  and  Forester  show  considerable  promise.  The  sixth-order  Chan  scheme 
also  shows  promise,  but  this  order  is  degraded  with  variable  velocity. 

The  stronger  the  concentration  peaks,  the  higher  the  order  that  will  be 
necessary.  Several  very  high-order  schemes  have  been  applied  with  the 
Forester  filter  and  with  hybrid  FCT,  as  discussed  In  the  foregoing  text, 
and  these  schemes  should  be  considered  when  very  high  order  Is  needed. 

The  quintlc  spline  scheme  of  Forester,  operating  with  the  Forester  filter, 
has  shown  what  seems  to  be  the  beBt  published  results  for  the  Gaussian 
concentration  peak. 

In  conclusion,  the  general  recommendation  Is  the  use  of  the  highest- 
order  scheme  that  Is  reasonable  from  a  programing  standpoint  with  either 
hybrid  FCT,  with  a  flux  limiter  dependent  on  past  history,  or  the  Forester 
filter  to  control  the  computational  noise  at  short  wavelengths. 
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